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Abstract The growth and loss of cancer cell population within an organ are 
influenced by their birth, death and migration processes. These issues may be 
observed during the presence and absence of chemotherapy also. In this paper, 
stochastic non-linear programming problems were formulated for getting the 
decision parameters on growth and loss of cancer cells in an organ subject to 
the constraints of its related health indicators. While formulating the objective 
function and subjective constraints based on the derived statistical measures 
in the works of Tirupathi rao et. al. [9,10]. The decision parameters of the 
developed programming problem are predicted and analyzed the dynamics of 
cancer cell size in different situations.

Keywords: Stochastic Non-linear programming, Cancer Growth, birth-death 
and migration processes.

1. INtrOduCtION

Tumor comprises of normal and malignant cells. These cells in tumor may 
undergo the processes of mitosis to increase their off springs. The process of 
cell reproduction in an organ of any living body is regulated with its genetical 
instructions. Environmental conditions, food habits, culture and living styles, 
etc of an individual along with usual mechanism of cell division are also playing 
vital role in such instructions. destruction and reconstruction of normal cells 
are getting the changing patterns due to the influence of continuous modifying 
cells. Experimental studies have more advantages for predicting the cell 
behaviour of growth, transforming and loss protocols. Contrary they have 
many practical limitations due to cost and other feasibilities. Mathematical 
modelling studies are the meaningful alternatives to handle the said objectives. 
The measures like optimal sizes of different cells subject to the wanted health 
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standards of the patient can be derived by proper modelling of physiological 
and genetical phenomena of cells with the frame work of mathematical theory. 
Counting processes are some prominent mathematical tools to study the 
mechanism of cell’s proliferation and their consequent behaviours. 

on the other hand, predictions with mathematical modelling may provide 
the indicators in more deterministic environment. In practice, most of the 
processes are influenced by random and chance causes. hence the model 
construction should be stochastic rather than certainty. Statistical measures 
basing on the stochastic models will provide the most relevant picture about 
the prevailing conditions on growth, loss and transformation of cell processes. 
These measures shall be utilised for developing the programming problems 
with objectives of efficient health management. usual cell division process 
involves the reproducing of new cells to compensate the wear and tear of the 
existing cells due to several reason. however the newly introduced cell volume 
should always be within the range of spoiled cells. This regulating mechanism 
is the failure issue with respect to cancer causing cells. The study deals with 
formulation of optimization programming problems with the objective of 
exploring the decision parameters, which regulates the cancer growth and loss 
dynamics. 

The dynamics of metastasis processes from the tumor are observed in 
secondary sites is studied through a mathematical model [1]. Computation of 
two stage and multi stage continuous time dependent tumor incidence rates 
can be done with stochastic models [2,3,7]. Growth of cancer cells, formation 
of metastasis and the growth behaviour of age dependent cancer were studied 
with stochastic models [4,5,6]. The metastatic progression of cancer cells in 
the secondary site under the treatment of chemotherapy is assessed through 
computational mathematical models [8]. optimal drug administration 
procedures, including two stage and three stage cancer chemotherapy are 
designed with stochastic programming models [9,10,11,12]. 

In all the above models the growth/ loss processes of different types of 
cells are assessed with pure and linear birth, death processes for two/three 
stage dependent cancer growth. however, the spread/ invasion of cancer cells 
during their initial formation and at the stage of metastasis is also influenced 
by their migration and expansion of their colonies in new sites. This study 
considered developed stochastic models on spread of cancer cell growth by 
using linear birth, death and migration processes [9,10]. The study formulated 
stochastic programming problems for exploring the optimal decision 
parameters of growth, loss and invasion rates of cancer cells during normal and 
chemotherapy periods. all the developed stochastic programming problems are 
designed with multiple objectives such as minimizing the average number of 
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cancer causing cells, maximizing the average number of healthy/ normal cells, 
maximizing the variability of cancer causing cells, minimizing the variability 
of healthy cells, etc. They have common constraints such as expected number 
of normal cells should be in wanted threshold limits; the expected number 
of cancer causing cells should not exceed specific danger limit, the variance 
of normal cells must be in closed range, the variance of cancer causing cells 
should be in broader range. 

The above developed problems have the limitations that they are formulated 
with the assumptions of handling the multiple problems independently and 
separately. however, the growth/ loss processes of different types of cells 
will be happened simultaneously. Keeping this research gap in mind, some 
stochastic non linear programming problems were formulated with the ratio 
of average normal and average malignant cells. hence these problems will 
deal the sizes of different type of cells among cancer patients. The concept 
of migration/invasion of cancer cells among the neighbouring parts of the 
organ in the body, particularly during metastasis is considered unlike previous 
studies. These models have further discussed the behaviour of cancer growth 
during drug absence and cancer restriction during drug administration. 

2. MultI-ObjECtIvE PrOGrAMMING PrOblEMS

The statistical measures derived in the generalised stochastic model and 
particular cases with respect to chemotherapy are used to develop non-linear 
programming problems. The objective is to predict the decision parameters 
involved in the dynamics of cancer tumor, such way that those decision 
parameters will leads to optimise the given objective functions. In this context, 
the study proposed some stochastic programming problems with various 
constraints.

The mean and variance counts of normal and malignant cells in an organ 
are considered, which were derived through the study referred in Tirupathi rao 
et al [10]. among healthy people, the average size of normal cells is more than 
average size of malignant cells in any organ. When the conversion process of 
normal cells to malignant cells is initiated, the situation will be irreversible 
and the healthy person will be transformed to a cancer patient. once the 
malignancy formation was confirmed, the growth of such cancerous cells will 
be at faster rate. 
Considering the notations used in Tirupathi rao et.al in [10] as 

λ
11

: Growth rate of normal staged cells in the primary tumor

λ
21

: Growth rate of malignant staged cells in the primary tumor

λ
32

: Growth rate of migrant malignant staged cells in the secondary tumor
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µ
11

: loss rate of normal staged cells in the primary tumor

µ
21

: loss rate of malignant staged cells in the primary tumor

µ
32

: loss rate of migrant malignant staged cells in the secondary tumor

δ
11

: Transformation rate of normal staged cells into the malignant stage cells 
in the primary tumor

δ
21

: Migration rate of malignant staged cells in the primary tumor to the 
secondary tumor

δ
32

: Emigration rate of immigrant malignant staged cells in the secondary 
tumor to other parts

N
0
: Initial number of normal staged cells (in the primary Tumor)

M
0
: Initial number of malignant staged cells (in the primary Tumor)

The status of health is considered to be under control as long as the average 
number of normal cells is more than average number of malignant cells. In 
other words the ratio of average normal cells to average malignant cells shall 
be more than unity. however, the situation seems to be alarmed when the ratio 
is less than unity. 

let E
1
 be that ratio defined as E

averagesize of Normal Cells

averagesize of Malignant Cells1 1= >
 

The objective function is to Maximize r
E1

, where
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The fluctuations in the average number of normal cells in any organ shall be 
low as it indicates the status of healthy cells is consistent. hence less volatility 
in the average number of normal cells is wanted. Contrary to the above 
situation, consistency in the growth of malignant cells is a threat to survival of 
the patient. Thus more fluctuations among the average number of malignant 
cells is a welcoming situation. hence, more volatility in the average number of 
malignant cells is wanted. This study has proposed the second programming 
problem based on the objective of the ratio between variance of normal cells 
on variance of malignant cells. 

E Variance of normal cells at a po of time
Variance of2 =         

  
int

mmalignant cells at a po of time      int
< 1

The objective Function is to Minimize r
E2

, where 
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For healthy maintenance of average number of normal cells over average 
number of malignant cells, the constraints that are to be satisfied are 

N e
N e

a b
M

N

a b
eat

at
bt

0
11 0

0
11 0



> −

+ −
−























δ δ





Padi, TR
Jayabalan, J

188

and

dN e

a
e

N e

a b
F E

N e

a b

at
at

at

at

0

11 0

11 0

1

2
2 2

−( )















<

−
+ + −δ

δ

( ) ( )(( )a b

M
N

a b

e

b

bt
−

− −
−





























0
11 0δ



+
−

+
−











−
−

δ

δ δ

11

2
0

2

2

11 11 0

2 2

N d

a

e

a b

e

a b b

E N

at at

( ) ( )

( ) ee

a b b

N d a b E N

a b b

e

at

a

( )

( )

(

−

−
− −( ) −( )

−












2

11 0 11 0 11
δ δ δ ++

−

−
−

+ +
− −

−

b t

bt
bt

a b

N e

a b
F E e

N a b M

a b

)

( )

( )
( )

( )

( )

δ δ11 0
2

2 11 0 0

2
2

2

2 2 (( )

( )( )

( )(

a b b

N e
a b E d

a b a
bt

−











+
− − +

−

2

11
2

0
2 11 112

2 2
δ

δ δ

−−























































b)2







































The fluctuations in growth of average number of normal cells are also harmful 
to the health. Therefore the growth of normal cells should be maintained with 
consistency. The average size of normal cells should be within threshold limits. 
Similarly consistent growth of malignant cells also threat to the health. For the 
above consideration we have the following constraints
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≥ C5

where

C
1
, C

2
 - lower and upper threshold limits of normal cells

C
3
 - warning limit on the average size of malignant cells

C
4
 - upper allowable limits on the volatility of normal cells

C
5
 - wanted lower limit on the volatility of malignant cells

a = − −λ δ µ11 11 11; b = − −λ µ δ21 21 21; d = + +λ δ µ11 11 11;

E = − −λ µ δ32 32 32;  F = + +λ µ δ21 21 21;  The non negative decision 

parameters under study are λ
11

 ≥ 0, δ
21

 ≥ 0, λ
21

 ≥ 0, λ
32

 ≥ 0, µ
11

 ≥ 0, µ
21

 ≥ 0, 
δ

21
 ≥ 0, µ

32
 ≥ 0, δ

32
 ≥ 0. The numerical results for the developed problem have 

been solved using lingo 8.0 and it is presented in the appendix I & II. 

2.1. Special Case

For the homogeneous processes, the growth and loss rate of cells are assumed to 
be constant and usually growth rate of malignant cells is more during vacation 
period than regimen period, and loss rate of malignant cells is more during 
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regimen period than vacation period. In order to study the effects of drug in 
between regimen period and vacation period, a linear function is defined using 
loss and growth rates of cells at various stages.

The growth and loss rate of cells during the drug administration period and 
vacation periods are considered to be rational decision parameters. The drug 
effectiveness on the tumor is evaluated through a scalar quantity {a

k
} defined 

in between 0 and 1. The growth, migration/transformation and loss rate of cells 

can be represented asλ λ λij k ijl k ijla a= + −( )



1 ,δ δ δij k ijl k ijla a= + −( )



1  

and µ µ µij k ijl k ijla a= + −( )



1
 
respectively, where i= 1, 2, 3: cells at normal 

stage, cells at malignant stage, cells at migrant malignant stage, j=1, 2: primary 
tumor, secondary tumor, l=0, 1: drug absence, drug presence. In this approach, 
Tirupathi rao et al [9] developed a model for this special case in the form of 
pdE is as follows, 
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For the above model, moments were derived [9]. Multi-objective programming 
problem similar to the earlier problem is constructed to predict the decision 
parameter as defined above. let and be the ratio average number of normal 
to the average number malignant stage cells and the ratio of variance of 



Growth Study of 
Cancer within 
Organ through 
the Models on 

Stochastic Non-
linear Programming

191

number of normal cells and variance number of malignant stage cells in an 
organ respectively. The objective function in this context is to maximise and 
minimise, subject to the similar type of constraint as in (2). a numerical result 
for this programming problem is illustrated in the appendix III & IV.

3. rESultS 

The results in appendix-I reveals that r
E1

 > 1 and it is an increasing function of 
N

0 
& t, decreasing function of M

0 
& C

1 
in an organ when all the other parameters 

are constant. The parameter, λ
11

 is an increasing function of N
0
 and decreasing 

function of C
1
; λ

32
 is decreasing function of C

1
; µ

11 
is an increasing function 

of N
0
, decreasing function of C

1
 & t in an organ when all other parameters are 

constant. 
appendix II shows that r

E2
 < 1 and it is an increasing function of N

0
, 

decreasing function of C
4
; µ

11 
is an increasing with N

0
 & M

0
, decreasing 

function of C
3, 

t; λ
21 

is decreasing function of N
0
 & M

0
, increasing 

function of C
3
; δ

21 
is decreasing function of N

0
, increasing function of 

M
0
 & C

1
; µ

21 
is an increasing function of C

1
 and decreasing function of 

t; δ
21 

is an increasing function of N
0
 & M

0
; λ

32
 is decreasing function of 

M
0
; δ

32 
is decreasing function of M

0
 and increasing function of C

5
 when 

all other parameters are constant. 
From appendix III, it is observed that rE1 1* > and it is an increasing 

function of N
0
 & C

3
 and decreasing function of M

0
, C

1
 and t in an organ when 

all other parameters are constant. The parameter, µ
11 

is an increasing function 
of N

0
 and decreasing function of C

1
 when all other parameters are constant. 

results in appendix IV implies that rE2 1* <   and it is an increasing 
function of M

0
 and decreasing function of C

1
, C

5
 & t in an organ when all 

other parameters are constant. The parameter, µ
11 

is an increasing function of 
M

0
 & C

4
 and decreasing function of C

1
, C

2
, t; λ

11
 is decreasing function of 

C
1
 & t and increasing function of C

2
 & C

4
; λ

21
 is decreasing with C

2
 & C

4
; 

δ
21

 is an increasing function of C
2
; µ

21
 is decreasing function of C

2
 & C

4
; δ

21 

is decreasing function of C
2
 & C

4
 and increasing function of C

5
 in an organ 

when all parameters are constant. The above results may helps to medical 
practitioner to understand the behavior of cancer cells dynamics for monitoring 
the medication of the patients. 
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