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n .
Abstract: Let P(z2)= ) a jzj be a polynomial of degree n .Then according

=0
to Cauchy’s classical reéult all the zeros of P(z) lie in |z| <1+ A, where
a.
—L|. The purpose of this paper is to present a ring-shaped
a

n

A= MaXy< i<y

region containing all or a specific number of zeros of P(z).
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1. INTRODUCTION

The following result known as Cauchy’s Theorem [2] is well known in the

theory of distribution of zeros of polynomials: ;

Theorem A. All the zeros of the polynomial P(z)= ) a ij of degree n lie
j=0

4,

in the circle |z| <1+ M, where M = maxy_ .,

n

Several generalizations and improvements of this result are available in
the literature. Mohammad [3] used Schwarz Lemma and proved the following
result:

Theorem B. All the =zeros of the polynomial P(z)= Zajzj
j=0

M
of degree n lie in |Z| < ﬂ if |an| <M, where
al’l
+ et ao‘ = max,_, ‘aoz"* + et a,H‘ ,
In this paper, we find a ring-shaped region containing all the zeros of P(z). We
also obtain a result of similar nature for the number of zeros of the polynomial.
In fact we prove the following results:

1 1

M = max‘z‘zl anZ'F
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n .
Theorem 1.All the zeros of the polynomial P(z) =) _ a jz] of degree n lie in
the ring-shaped region 7, < |z| <r,, where Jj=0

1
_[R'a * (M —|ag)* +4|a,|" R*M*12 —|a,|R* (M —|a,))
b 2M?
2M?
r, = 1 s
[R*|a, [ (M, —|a,])® +4|a,| R*M*1? —|a, | R*(M, —|a,|)

n
M = maxiy_p ‘anz +o +a1z‘

M, = max;_p ‘aoz" +eta, 2
R being any positive number.
n .
Theorem 2. The number of zeros of the polynomial P(z) = >.a jZ] of degree

R =0
n in the ring-shaped region r, < |z| <—,1<c< R, does not exceed
c

Llog(l + ﬂ) ,
logc |a0|

where M is as in Theorem 1.

2. LEMMAS

For the proofs of the above theorems we make use of the following results:
Lemmal. Let f(z) be analytic in |Z| <1 ,f(0)=a, where |a| <1,f'(0)=>b and
|f(Z)| <1 f0r|z| =1 . Then, for |Z| <1,

(1—[aD|2f” +[plJ2| +Ja] 1 - fa)

| (1~ [aD[<f* +[elJ]+ 1 a)

f(2)] <

The example

f(2)= 1b+a

2
Z—dazg

l+a
shows that the estimate is sharp.
Lemma 1 is due to Govil, Rahman and Schmeisser [1].
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Lemma 2. Let f(z) be analytic for | z| <R .f(0)=0, f ! (0)=»5b and | f (Z)| <M
for|Z| =R .

Then, for |Z| <R,

Mlz| M|z+R? |b|

R*  M+p||]

Lemma 2 is a simple deduction from Lemma 1 .

F(2)] <

Lemma 3.If f(z) is analytic for |Z| <R, f(0)=0 and |f(z)| < M for
|z| = R, then the number of zeros of f(z)in |Z| < 5,1 < ¢ < R is less than or
c

equal to

log—— -
loge ~ |£(0)
Lemma 3 is a simple deduction from Jensen’s Theorem (see [4]).

Proof of Theorem 1. Let Qz)=a,z" +a, 2" +..t a2 .

0(2)|=
Hence, by Lemma 2, for |Z| <R,

a, " +a, 7" ot alz‘ <M

M|z M| +|a|R?
R* " M+lalld

0(2) <

Therefore, for |Z| <R,

|P(2)] =0(2) +a|

> |a|—[0(2)

>a |_M|Z| M +|a|R®
TR Mt
>0

if
|ao| R* (M + |ay||z]) — M|z| (M |2] +|a,| R*) > 0
LA 2 o - fay| R (M —ag )| 2] —|ag| R*M < 0

which is true if
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2M?

Thus P(z) does not vanish in

4

On the other hand, let

1
[R*|a,|* (M —|ag|)? +4|ao| R*M? 12 —|ay| R*(M —|ay))
= 2M? |

1 _
R(z2)=7"P(-)=ayz" +a,7" T+ a, z+a
Z

=H(z)+a, .
where

HZ)=ay" +a7" " 4.t a, 2.
Then H(z) is analytic and |H(z)| <M, for |Z| <R, H(0)=0, H'(0) = a, ; .
Hence, by Lemma 2, for |z| <R,
M, || M,[z[+|a, ,|R*
R* M +|a, ]
Therefore, for |Z| <R,
|R(2)| =|a, + H(2)|

H(z)| <

>a,|—|H(2)
>|a |_M1|z|_M1|z|+|a,,_1|R2
"R My,
>0
if
ja,|R* (M, +a,_y||z)) — M, |2| (M, |2| +]a, | R*) >0
ie.if

M |Z|2 +|a,_,|R*(M, —|a,])|z|—|a,|R*M, <0
which is true if
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(R*|a, [ (M, —|a,])®

—|a,_,|R*(M, —

< D,

Thus P(z) does not vanish in

2M?

!
[R'|a, | (M, —|a,)* +4|a,|R>M 2 —|a, | R*(M, ~|a,])
2M?

2l <
Hence all the zeros of R(z) lie in

[R4 |an_1|2 (M, —|a, 2

a,|)

<=

2M?

1
Thus all the zeros of z"P(—) lie in
Z

1
[R*[a, \| (M, ~[a,|}* +4]a,| R*M P ~|a, || R* (M, ~|a,])

4=

2M?
1
Hence all the zeros of P(—) lie in
Z
1
2
4o! O ).
B 2M?
This implies that all the zeros of P(z) lie in
2M
o] < :

; .
[R*|a, | (M, —|a,)* +4|a,| ®*M1? —|a, |R*(M, —|a,))

Consequently, it follows that all the zeros of P(z) lie in the ring-shaped region
n < |Z| <'r, and the proof of Theorem 1 is complete.

Proof of Theorem 2. To prove Theorem 2, we need to show only that the number

R
of zeros of P(z) in |Z| < —,1<c¢ <R does not exceed —— ! —log(1+—
Since P(z) is analytic forTz| <R ,P(0)= a, and for |Z| < Rg ¢ |a0|

|P(2)|=

n n—1
a,z +a, 2 +..... —I—alz—f—ao‘
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< 1

n n—
a,z +a, ;27 +...... +a1z‘—|—|a0|

§M+|a0|

R
it follows , by Lemma 3, that the number of zeros of P(z) in |Z| <—,1<c<R
c

M
does not exceed 1 log —|—|a0| = 1 10g(1+£

follows. log e |a0| loge |a0|

)and Theorem 2
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