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Abstract In this paper, we defined new relationship between k Fibonacci and k Lucas
sequences using continued fractions and series of fractions, this approach is different
and never tried in k£ Fibonacci sequence literature.
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1 INTRODUCTION

The Fibonacci sequence is a source of many nice and interesting identities.
Many identities have been documented in [2], [3], [10], [11], [12], [13], [17].
A similar interpretation exists for k Fibonacci and k£ Lucas numbers. Many of
these identities have been documented in the work of Falcon and Plaza[1], [4],
[5], [7], [8], [9], where they are proved by algebraic means. In this paper, we
obtained some new properties for k Fibonacci and k& Lucas sequences using
series of fraction.

2 PRELIMINARY
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Definition 2.1. The k—Fibonacci sequence {Fy ,}.>, is defined as, F} 41 = Interdisciplinary Sciences

k- Fk,n +Fk,n—1’ with Fk,O = O,Fk’l =1,forn>1
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Definition 2.2. The k— Lucas sequence {L; ,},2, is defined as, Ly, = k -

Ly~ Ly -1, with Lio = 2, Ly = k,forn > 1

Characteristic equation of the initial recurrence relation is,

rP—k-r—1=0

Characteristic roots are

k+vk2+4

ry =

and

k— k2 +4
2

) =

Characteristic roots verify the properties

I"]—r2=\/k2+ :\/Z=8

rn+rn==%k
ry.rn = —1
Binet forms for Fy, and L, are
yt— pn
1 2
Fk,n -
rn—n

and

n n
Lip=1y+n
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2.1 The first few members of this k£ Fibonacci family are
1,

k,
1+ k2,
2k + k3,
1+ 3k% + k4,
3k + 4k3 + &,
1 + 6k> + Sk* + k°,
4k + 10k 4 6k> + k7,
1+ 10k* + 15k* + 7kS + kB,
5k + 20k + 21k° + 8k7 + k°,
1 + 15k% + 35k* 4 28k° + 9% + k10,
6k + 35k> + 56k> 4 36k + 10k° + k',

1 + 21k% + 70k* + 84Kk® + 45k% + 11k + k2,

Tk + 56k3 + 126k> 4 120k7 + 55k 4 12k" + k'3,
1 + 28k? 4+ 126k* + 210k + 165k® + 66k'0 + 13k'2 + k'4,
8k + 84k> + 252k° + 330k7 + 220k° + 78kt + 14k"3 + k'3,
1 + 36k + 210k* + 462k° + 495k% + 286k'0 + 91k'% + 15k + k',
9k + 120k + 462k> + 792k” + 715k° + 364k' + 105k'3 + 16k" + k'7,
1 +45k>4330k* +924k° + 1287k® + 1001k ' +455k'2 4+ 120k + 17k'° + k'8,

10k+165k3+792k>+1716k7+2002k°+ 1365k +560k > +136k 5+ 18k "7+ k9
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2.2 k Fibonacci sequences in Encyclopaedia of Integer Sequences

Fin Classification
Fi, A000045
Faop A000129
F3, A006190
Fy, A001076
Fs, A052918
Fen A005668
Fr, A054413
Fs, A041025
Fo, A099371
Fion A041041
Fiin A049666

3 RELATIONSHIP OF THE SEQUENCES Fg y AND Lk y AS
CONTINUED FRACTIONS:

In general, a (simple) continued fraction is an expression of the form

lag,at, .ot ,a,] = ag + ; 9
ai T
ar+ 1
a3+ T
ag+ 1
"5+a67+
The letters ay, a,, . . . denote positive integers. The letter ¢y denotes an integer.
. F . . . . .
The expansion 1@:“ in continued fraction is written as
Sn
Frn+1 1
F’— =k+ X ; 10)
ko + P ——
k+ T
ke ————
k+m ...........

Here n denotes the number of quantities equal to k.
We knew that

Fiy = Fin—1Fener = (= 1" (11)
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Moreover, in general we have

_ (2t
Fk,n+l 1 (rl)
r

Fo 1= (2y

Let, r; denote the larger of the root, we have

. Fk,n+l
Iim ——=n

n—-o0o k,n
More generaly formula (9) is written as

Froriye L (—1)
Dkt g

Fim L Iy

Here, n denotes the number of L;,’s
When 7 increases indefinitely, we have

. Frmn

lim 2D gy
n—s 00 Fk,nt
As equation (9), we have relation for Ly,

L nye (=1

Foo o7 U
ki(n=)t Ly, =
Lii— (—1)
Lie— =
Lk,t*L - =
Ly I

Here n denotes the number of quantities equal to Ly ;.
We knew that

Li, — Lin—1Lins1 = (— 1'A
More generaly, equations (10) and (13) are modified as

FL = Fi-tiFrry = (— DOV(EF)?

t
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Lt — Lin—tuLicnse = —(— DOV AF,)
Moreover using (7) and (8), gives

2 2n+2t 2n+2t n+t
AFk,m_rl —I—I’2 _2(_1)

AL, ="+ 13" = 2= 1)
Again by subtracting (16) and (17), gives
AF = (= FE) = (7" = "0 4 1)
and

2
Fk,n+t

— (= D'F{, = FeiFronte
Similarly, we obtain

Ll%,n—&-t — (- 1)tL1%,n = AFFrontt

(16)

A7

(18)

19)

(20)

21

4 SEQUENCES Fk y AND Lk 5 AS A SERIES OF FRACTIONS:

Theorem 4.1. Forn, k > 0,
1.

Fiori _Fio (=D (=1 (=1

Fin Frin FiiFey FipFiy FiaFra

Linii Lo (1A (—1°A (=1'A
Lin,  Liyn LiaLey Loy Lisley
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. . F L . .
Proof. We can write expressions of % and % in series as
n n

ot _ @Jr(@—@)Jr(@—@)Jr ...............
Fin Fiq Fip  Fra Fiz  Fro
+ (Fk,n+1 _ Fran )
Fin Fin—1

Fi2 (F;ig — Fi3Fi) (F;i3 — FioFi4)
Fia Fi1Fyp FiaFi3

(F¢, — Fras1Fen-1)

Fk,n—le,n
And
et _ @Jr(@—@)Jr(%—%)Jr ...............
Ly Ly Lo Ly Ly Lo

4 (Lk,n+l L )

Lin Lin
Lo (L, —LesLin)  (Lfs — LioLia)
Ly LiiLyo LisLis

(Ll%,n - Lk,n+ 1 Lk,n— 1 )
Ly n—1Ly

Using the equations (11) and (14)
2 — n—1
Fi— Fin1Frnr = (—1)
Ll%,n - Lk,n—lLk,n+1 = ( — 1)”A

Gives

Fipri _ Fo (=D (=1 (=1 (= D!

Fin Fri FiiFrpy FeaoFry FraFrg
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Linyt Lo (=1D’A (—D’A (—D*A

Lin Lt Lioliy Liolis  Lislia

Taking limit as lim,,_, o, gives

1+ k*>+4 k4 1 1 N
= — = e T e e e e e
: 2 L.k k(k2+4)

For Fibonacci series

1+5 1 1 1 1
=-1+———4— - — 4 — — ——..........
2 +1.1 1.2+2.3 3.5Jr +

Now, we obtain more general relation for Fy, and Ly, as a series of fractions:-

Theorem 4.2. Forn,k > 0,

1.
Fusn  Fia (CDFL, (CDRY,  (ZDER,
Fk,m Fk,t Fk,tFk,Zt Fk,ZIFk,St Fk,StFk,4t ........
(— H=Drp2,
Fiein—eFim
2.
Liwiyy L | OFf,  (ZD'F, (= D'F,
Lyt Lo LioLi, LicsLio Loales
(— D VF,

Li (n—tyeLienr
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Ly (n+l )t

Proof. We can write expressions of 5 and in series as

Frnt1y _ Fyo " (Fk,3t _ Fro ) 4 <Fk,4t _ Fra ) R
Fint Fy; Fror Fry Frze  Fros

+(Fk,(n+1)t  Fiw )
Frn Frn—1y

Fk,2t (Fk ot Fk 3tFk t) (Flz,?;t - Fk,ZtFk,4t)

Fy, FiFi o FioiFi 3

(Fk nt Fk ("+1)1Fk (n— 1)1)
Frn—1yFin

And
to (s b), (b L),
Lyt Lio L, Lo Lio Ly

4 (Lk,(n+1)z  Liw )
Lt Litn—1y

L, (L3, — LioLea)  (Lio — LisLi, 3

Lo Ly oLy, Ly Ly

(L% e — Licint 1L n-1y)

Ly n—1yeLicnt
Using the equations (15) and (16)

F o = FroniFrmeny = (= DOV(F) (22)

Lkn, Li -ty Liinrny = —(— DV A(F,)? (23)
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Fuwe  Fion  (ZDFL, (Z DR, (~ D',
Fi e Fi, FiiFi o FioiFi 3t FysFrae
( _ 1)(n71)tFlgt
Fro—1iFin
And
Legene Lo | OFF, (= D'F, (= DYF, (— D DEg,
Lyt Lo LioLiy  LitLios LioLis Lic(n—1ytLic e
O
Theorem 4.3. Forn,m,k > 0,
1.
F, F, — 1) — ¥
kit Fon 0 1Y'F, [ (=1 (=D
Licnyme Ly LinLipyr  lontiLinsar Lingoilins3
( _ 1)(m71)t ]
N +
Lk,n+(m—l)th,n+mt
2.
Finm Fip 1 —1) —*
kome - P, +2(—1)"Fk,,[ n (=D (=D
L pyme Ly LinLipye  lontilinyar Lingoilins3e
( _ 1)(m71)t :|
N +
Lk,n+(m—1)th,n+mt
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: . F, L . . . .

Proof. We can write expressions of 7 and 7" in series as Fibonacci and k
Lk,n+mt Lk,n+mt

Lucas Sequences as

Series of Fractions
Fk,n—i—mt . Fk,n + (Fk,n+t Fk,n) + (Fk,n+2t Fk,n-i—t) +

Liny:  Lig Lipior  Lings

Lk,n+mt Lk,n

<Fk,n+mt Fk,n+(m—l)t)
_.l_ —
Linym  Liprm—1y

_ Fin | FeniLin — FinLliont1) n (FinatLicnt — FioniLicnt20)
Lk,n Lk,nLk,n+t Lk,n+th,n+2[

+(Fk,n+thk,n+(m—1)t - Fk,n+(m—1)th,n+mt)
Ly it Lie ot m—1ye

And

Linym _ Lin n (Lk,n+z Lin ) n (Lk,n+2t _ Lk,n+z>

Fk,n—H Fk,n Fk,n+2t Fk,n+t

Fk,n+mt Fk,n

U + (Lk’”mt _ Lk,n+(m—1)t)
Fk,n+mt Fk,n—i—(m—l)t

Liw  (Fintilin — Fonlins)  (Frng2ilions: — FionviLlioni2r)
Fk,n Lk,nLk,n+t Lk,n+th,n+2t

_ FngmiLinron—1y = Frnron—1Licnsmi)

Ly nt L - (m—1
Using the equations (15) and (16)
Fio = Fro—viFroen = (= DUV(F )
L} e — LiotyLi sy = —(— DOV AF,)?

k.nt

Gives

1\ _1)\2t
(1)+(1)

Lk,nLk,n+t lk,n+th,n+2t Lk,n+2th,n+3t

F -1 F n
S B (= 1) Fy [
Lk,n+mt Lk,n

( _ 1)(m—l)t ]

Lk,n+(m71)th,n+ml
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And

Finim Fin — 1) — ¥
kbt _ L—I—Z(—l)"Fk,;[ (=D n (=D
L pyme Lin LinLins:  lentilinyar Linolinss
— 1)tm=Dbx
e, =D }
Licn-m—1yeLicngme

5 CONCLUSIONS

Some new relationship between k Fibonacci and k Lucas sequences using con-
tinued fractions and series of fractions are derived, this approach is different
and never tried in k Fibonacci sequence literature.
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