DOI: 10.15415/mjis.2017.52008

Fixed Points of Almost Generalized (o, 1 )-
Contractions with Rational Expressions

GVR BABU*, KKM SARMA AND VA KUMARI

Department of Mathematics, Andhra University, Visakapatnam-530 003, India.

*E-mail: gvr_babu@hotmail.com

Received: October 19,2016l Revised: November 29, 2016l Accepted: December 22,2016

Published online: March 05,2017
The Author(s) 2016. This article is published with open access at www chitkara.edu.in/publications

Abstract In this paper, we introduce almost generalized («, 1 )-contractions
with rational expression type mappings and establish the existence of fixed
points for such mappings in complete partially ordered metric spaces. Further,
we define “Condition (H)’ and prove the existence of unique fixed point under
the additional assumption "Condition (H)’. Our results generalize the results
of Arshad, Karapinar and Ahmad [1] and Harjani, Lopez and Sadarangani [2].
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1. INTRODUCTION

Generalization of contraction conditions and proving the existence of
fixed points is an interesting aspect. Recently Samet, Vetro and Vetro [4]
introduced a new concept namely («,)-contraction mappings which
generalize contraction mappings and proved the existence of fixed points of
such mappings in metric space setting. After that Karapinar and Samet [5]
introduced generalized (a,?))-contraction mappings and proved fixed point
results and its extension to partially ordered metric spaces can be found in
[6]. In this direction, we introduce almost generalized () -contractions
with rational expression type mappings and establish the existence of fixed
points for such mappings in complete partially ordered metric spaces. Further,
we define ‘Condition (H)’ and prove the uniqueness of fixed point under the
additional assumption ‘Condition (H)’. Our results generalize the results of
Arshad, Karapinar and Ahmad [1] and Harjani, Lopez and Sadarangani [2].
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In the following, ¥ denotes the family of non-decreasing functions
1 :[0,00) —[0,00) such that ¢ is continuous on [0,00) andiW(z) <400
for each t > 0, where ¢)" is the n™ iterate of 1) . "
Remark 1.1. Any function v € U satisfies lim " (¢) = 0 and () < ¢ for any
t>0. e
Definition 1.2. [4] Let (X,d)be a metric space, 7:X — X and
a: X xX —[0,00). We say that T is «-admissible, if x,yeX,
a(x,y)>1= o(Tx,Ty) > 1. (1.2.1)

Definition 1.3. [4] Let (X,d)be a metric space and 7: X — X be a selfmap
of X . If there exist two functions «: X xX —[0,00)and v € W such that
a(x,)d(Tx,Ty) <(d(x,y)) for all x,y € X, then we say that T is a («,v)

-contraction mapping.

Remark 1.4.If T:X — X satisfies the Banach contraction principle, then
T is an («,?))-contraction mapping, where a(x,y)=1for all x,y € X and
W(t) = kt for all ¢t >0 and some k €[0,1).

Theorem 1.5. [4] Let(X,d)be a complete metric space and 7': X — X be an
(av,7)) -contraction mapping. Suppose that
i T is «-admissible;
(i) there exists x, € X such that (x,,7x,)> ;and
(iii) T is continuous.
Then there exists u € X such that Tu = u.
In 1977, Jaggi [3] introduced a new concept namely ‘rational type

contraction mappings’ and proved the existence of fixed points of such
mappings.

Theorem 1.6. [3] Let 7 be a continuous self-map defined on a complete
metric space (X,d). Suppose that T satisfies the following condition: There
exist a, 3 €[0,1) with a4+ (3 < 1such that

d(x, Tx)d (y,Ty)
d(x,y)

d(Tx,Ty) <« +Bd(x,y)forall x,ye X, x=y. (1.6.1)
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Then T has a fixed point in X .

Here we note that a mapping 7 : X — X , X a metric space that satisfies (1.6.1)
is called a Jaggi contraction map on X.

Definition 1.7. [S]Let (X,d)be a metric space and 7: X — X be a selfmap
of X.

If there exist two functions a.: X X X —[0,00)and ¥ € ¥ such that
a(x, y)d(Tx,Ty) < (M (x,y)) for all x,y € X , where

d(x,Tx)+d(y,Ty) d(x,Ty)+d(y,Tx)}
2 ’ 2 ’

M (x, y) = max{d(x, y),

thenwe say that 7' is a generalized («,%)) -contraction mapping.
Theorem 1.8. [5]Let (X,d)be a complete metric space and 7: X — X be a
generalized (o, 1)) -contraction mapping. Suppose that
(i) T is a-admissible;
(i) there exists x, € X such that a(x,,7x,)>1; and
(iii) T is continuous.
Then there exists u € X such that Tu =u .

Harjani, Lopez and Sadarangani [2] extended Theorem 1.6 to the context of
partially ordered complete metric space.

Theorem 1.9. [2] Let (X,=) be a partially ordered set and suppose that there is
ametric d on X such that (X,d)is a complete metric space. Let 7: X — X
be a non-decreasing mapping such that
d(x,Tx)d(y,Ty)
d(x,y)

forall x,y € X with x>y, x= ywhere 0<a,8<1 with a4+ <1.

d(Tx,Ty) <« + Bd(x,) (1.9.1)

Also, assume either

(i) T is continuous; (or)

(ii) If anon-decreasing sequence {x,}in X issuchthat x, — xas n — oo
then x =sup{x, }.

If there exists x, € X such that x, < Tx,, then T has a fixed point.
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Amap T that satisfies the inequality (1.9.1) is called Jaggi contraction map in
partially ordered metric spaces.

In 2013, Arshad, Karapinar and Ahmad [1] extended Theorem 1.6 to
almost Jaggi contraction type mappings in partially ordered metric spaces.

Definition 1.10. [1] Let(X,d,<) be a partially ordered metric space. A
selfmapping T on X is called an a/most Jaggi contraction if it satisfies the

following condition: There exist «,3 €[0,1) with o+ 3 <land L >0such
that,

d(x,T0d(Ty) | Bd(x,)

‘ d(x,y) (1.10.1)
+ Lmin{d (x,Tx),d(x,Ty),d(y,Tx)}

d(Tx,Ty) <a

for any distinct x,y € X with x < y.

Theorem 1.11. [1] Let (X,d,<) be a complete partially ordered metric
space. Suppose that a selfmap 7: X — X is a continuous and non-decreasing
mapping that satisfies the following inequality : there exist a, 3 €[0,1) with
a+ <1 and L>0 such that

d(x,Tx)d(y,Ty)
d(x,y)

d(Tx,Ty) <« + Bd(x,y)+ Lmin{d (x,Ty),d(y,Tx)} (1.11.1)

for all x,ye€ X with x= yand x =<y . Suppose there exists x, € X with
X, = Tx,. Then T has a unique fixed point.

Remark 1.12:Since every almost Jaggi contraction satisfies the inequality
(1.11.1), it follows that the conclusion of Theorem 1.11 is valid under the
replacement of condition (1.11.1) by almost Jaggi contraction in Theorem 1.11.
In the following, we introduce almost generalized (c,)-contractions
with rational expressions in complete partially ordered metric spaces.
Definition 1.13. Let (X,=) be a partially ordered metric space and suppose
that 7: X — X be a mapping. If there exist two functions «: X x X —[0,00)

and ¢ € ¥ such that

a(x,y)d(Tx,Ty) < p(M(x,y)) + LN(x,y), where (1.13.1)
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d(x,Tx)d(y,Ty) d(x,Ty)d(y,Tx) d(y,Ty)d(x,Ty)
dix,y) ~  dxy)  dxy)

d(x,Tx)d(x,Ty)
d(x,y)

—max {d(x,y),

b

M(xvy):
o x2yx=y

Oif x=y

and N(x, y) = min{d (x,Tx),d (x,Ty),d(y,Tx)}, x,y € X with x <Xy, then we
say that T is an almost generalized (a,v)-contraction map with rational
expressions.

Note: Clearly, a map T that satisfies (1.9.1) with a+ 3 <1also satisfies
the inequality (1.13.1) with «(x,y)=1 for all x,ye X, L=0and
Y(t)=(a+ P)t,t >0so that T is an almost generalized («,1))-contraction
map with rational expressions. But, the following example suggests that its
converse need not be true.

Example 1.14. Let X = {0,1,2,3,4} with the usual metric. We define a partial
order < on X as follows, <:= {(0,0), (1,1), (2, 2), (3,3), (4, 4), (0, 2), (0,3), (0,
4),(1,2),(1,3),(1,4),(2,3),(2,4), (3,4)}. Let A = {(0,0), (1,1), (2, 2), (3,3),
(4, 4),(0,1), (1,0), (0, 2), (2,0), (2,3), (3,4), (4,3)} and B = {(3,2),(1,2),(2,1),(
0,4),(4,0),(0,3),(3,0),(1,3),(3,1),(1,4),(4,1),(2,4),(4,2)}. We define T: X — X
by TO=T1=0,T2=3and T3=T4=4. We define a: X xX —[0,00) by

3.
alx,y)=12 if (xy)ed and 1:[0,00) —[0,00) by w(t)zét'

0 if (x,y)€B 6
Case (i): x=2and y=0.

In this case, d(72,70)=3, M(2,0)=3 and N(2,0)=1.
a(x,)d(Tx,Ty) = a(2,0)d(T2,T0)

= % <(3)+ L.1=1H(M(2,0)) + LN(2,0)
=P(M(x,y)) + L.N(x, y)

holds with L =3.
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Case (ii): x=2and y=3.
In this case, d(72,73)=1, M(2,3)=2and N(2,3)=0.

alx,y)d(Tx,Ty) = a(2,3)d(T2,T3)
= % <P(2)+ L.0=(M(2,3)) + LN(2,3)
= p(M(x,y)) + LN(x, y)

holds for any L >0.If x,y € B then the inequality (1.13.1) holds trivially.
Hence, from case (i) and case (ii), we choose L =3, so that T is an almost
generalized (1)) -contraction map with rational expressions with L = 3.

Also we observe that the inequality (1.10.1) fails to hold.

For, by choosing x =2and y =3 we have

d(T2,T3)=1% o)+ (1) + LO<]1
—q d(z’z 2‘13()3 13 4 8d(2.3) + L.min{d(2.T3),d(3.T2)}

i.e., T is not an almost Jaggi contraction map.
Further, we observe that the inequality (1.9.1) also fails to hold.

For, when (x,y)=(2,0) we have

d(T2,T70)=3 £ a(0)+B(2) < d(2,72)d(0,7T0)

d(2,0)
AT T gy
d(x,y)
This shows that the inequality (1.9.1) fails to hold so that T is not a
Jaggicontration map.

+3d(2,0)

Thus we conclude that the class of almost generalized («,) -contraction
maps with rational expressions is more general than the class of almost Jaggi
contraction maps and the class of all Jaggi contraction maps also.

In Section 2, we prove the existence of fixed points of almost generalized
(a, 1)) -contraction maps with rational expressions. Further, we obtain the
uniqueness of fixed point under an additional assumption ‘Condition (H)’. In
Section 3, we provide examples.
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2. MAIN RESULTS

Theorem 2.1. Let (X,=)be a partially ordered set and suppose that there is a
metric d on X such that (X,d) is a complete metric space. Let 7: X — X
be a non-decreasing mapping. Suppose that there exist two functions
a: X XX —[0,00)and 1 € Wsuch that T is an almost generalized (a,?))

-contraction map with rational expressions. Also, assume that
(i) Tis a-admissible;
(if) there exists x, € X such that a(x,,T%) > I with x, < T, cither
(iii) T is continuous (or)

(iv)if {x,} is a non-decreasing sequence in X such that x, — xas

n— oothen x =sup{x,}; and alsoa(x,,x) >1and a(x,Tx)>1

Then T has a fixed pointin X .

Proof: By (ii), we have x, € X be such that a(x,,Tx,) >1.
We define the sequence {x,} in X by x,, =Tx, for n=0,1,2.... (2.1.1)

If x,., = x, for somen, then x, is a fixed point of 7.

Hence w. I. g. we assume that x, , = x, forall n.

We have a(x,,x,)=a(x,,Tx,) > 1land since T is a-admissible, we have

o(Tx,,Tx,) = a(x,,x,) > 1. (2.1.2)

On continuing this process, we have

a(x,,x,,,)>1forall n>0. (2.1.3)

Since T is non-decreasing and x, < Tx,= x,, we have x, =Tx, <Tx, =x,.

On continuing this process, we have x;

n

=x,,, forall n>0. (2.1.4)

By using (1.13.1),(2.1.3) and (2.1.4), we have
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d(xn+l "xn) = d(T‘xn ’Txnfl)
S a(xn ’xnfl)d(Txn ’Txnfl)
Sw(max{al(xn,Txn)a’(xn_l,Txn_l)’d(xn,T)cn_l)d(xn_l,Txn)
d(xn’xnfl) d('xn’xn—l)
d(xnfl’Txnfl)d('xn’Txnfl)
’ d(xn’xnfl) ’
d(xn,xn,l),d(x Ix,))d(x,,Tx, )
d(xn’xnfl)
+Lmin{d(x,,Tx,),d(x,,Ix, ,),d(x, ,,Tx,)}
d d
< (max fd (x,.x, ), Tt ,)
d(x,,x,,)
d(x,,x,)d(x,,x,.) d(x, ,x,)d(x,,x,)
d(x,,x, ) Cod(x,,x, )
d(xn’xn+l)d(xn’xn)})
d(xn’xnfl)
+ Lmin{d(x,,x,,),d(x,,x,),d(x, ,x,. )}
= Y(max{d(x,,x, ), d(x,,x, )}

n?

1)

b

(2.1.5)

Now, ifmax{d(x,,x, ,),d(x,,x,. )} = d(x,,x,.,) then we have

d(xn ’xn-H ) S w(d(xn > xn-H )) < d('xn > 'xn+1 ) >
a contradiction.

Hence, from (2.1.5) we have,

max{d(x,,x, ),d(x,,x,.,)} = d(x,,x, ) so that

d(x,,x,.,) <y(d(x,,x, )) for all n > 1. Hence by induction, it follows that
d(x,,x,..) <" (d(x,x,)). (2.1.6)
From (2.1.6) and using triangular inequality, for all k = 1, we have

d(‘xn ’x;z+k) S d(‘xn "xn-H) + d(‘xn-H "xn+2) + + d(xn+k—1 7xn+k)

n+k—1

= Z d(xp’po)

p=n

gf:zb"(d(xl,xo)) —0 asn— oo.

p=n
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This implies that {x } is a Cauchy sequence in X .

Since (X,d)is complete, there exists z € X such that

limx, = z. (2.1.7)

n—o00

First we assume that 7" is continuous. In this case, from (2.1.1), we obtain that

z=lmx, =lmTx, =Tz.

n—0oo n—oo

Hence z is a fixed point of 7.

Now, suppose that the condition (iv) holds. Since {x,}is a non-decreasing

sequence and x, — x we have x =sup{x,}.

Particularly x, <x for all n. Since T is non-decreasing, we have Tx, <Tx
forall n.

e, x, X Txforall n.

Moreover, x, <x, , 2 Txforall nand x=sup{x,}, we get x <Tx.

Let us now consider the sequence {y,} that is constructed as follows:
YVo=%Y,,=Ty,, n=0,12....

Then y, < Ty, and by condition (iv), we have a(x,,x)>1and a(x,x)>1.1.e.,
a(x,,¥,)>1and a(y,,T7v,)>1. Since T is non-decreasing, we obtain that
{y,}1s anon-decreasing sequence and {y, } is cauchy (similar to the argument
to show {x,} is cauchy) y, — y (say), y € X . Again, by the first part of the
condition (iv), we have y=sup{y,}. Sincex, <x=y, XIx=Ty, <y, Xy
for all n. Now a(x,,y,) > 1implies a(Tx,,Ty,) = a(x,,y,) >1,

aTx, Ty)) = a(x,,y,) > 1.

On continuing this process, we have a(x, ,»,,,)>1, for n=0,1,2....

Suppose that x = y .Now from (1.13.1), we have
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Babu, GVR d(%, 1 9,) = d(Tx,,T,)
iarma,.K\Il(i/I <oalx,,y,)d(Ix, Ty,
umari,
< ¢(max{d(xn,yn),d(x"’Tx”)d(y”’Ty”),d(x"’Ty”)d(y"’Tx")
d(xn’yn) d(xn’yn)
d(y,,Ty,)d(x,,Ty,) d(xn,Txn)d(xn,Ty,,)})
d(x,,y,) d(x,,y,)
+ Lmln{d('xn ’Txn )’d(xn 7Tyn )7 d(yn ’Txn )}
<¢(max{d(x,,y,), 400X )4V V) , SN CC/L )
d('xn’yn) d('xn’yn)
d(yn 7yn+l )d(xn ’yn+1)
d(x,,,)
d(x,,%,.)d(X,, Y, )})
d(x,.5,)
+ Lmin{d(x,,x,,),d(x,,,.),d(¥,,%,.)}-

b

9

2

On letting n — oo we have

d(x,x)d(y,y) d(x,y)d(y,x) d(y,y)d(x,)
d(x,y) < t(max{d(x,y), ) dea) T dey)
X)) o ind e x).d (x, ), d (v}
d(x,y)
=p(max{d(x,y),0,d(x,y),0,0})+ L.0
=Y(d(x,y)) <d(x,y),

2

a contradiction.
Hencex=y,and we have x <Tx =y, <y, Jy=ux

Therefore x is a fixed point of T .

Corollary 2.2.Let (X,=<X)be a partially ordered set and suppose that
there is a metric d on X such that (X,d)is a complete metric space. Let
T : X — X be a non-decreasing mapping. Suppose that there exists a function

a: X xX —[0,00)and constant k£ €[0,1)and L > 0 such that

a(x, Nd(Tx,Ty) <kM(x,y)+ LN(x,y) (2.2.1) for all x,yeX with

x=y, x=y.Also, assume that
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(i) T is a-admissible;

(ii) there exists x, € X such that a(x,,7x,) > 1with x, <X Tx,; either
(iii) T is continuous (or)

(v ) {x,} is a non-decreasing sequence in X such that x, — xas n — oo then
x=sup{x,};and also a(x,,x)>lando(x,Tx)>1.

Then T has a fixed point in X.

Proof:The conclusion of this corollary follows by taking ¢ (¢) =kt,t >0 in
Theorem 2.1.

Remark 2.3. (i) Theorem 1.9 follows as a corollary to Corollary 2.2, since
the inequality (1.9.1) implies the inequality (2.2.1) with k=a+8<1;
a(x,y)=1for all x,y€ X and L=0. Hence Theorem 1.9 is a corollary to
Theorem 2.1.

(ii) Theorem 1.11 follows as a corollary to Corollary 2.2, since the inequality
(1.11.1) implies the inequality (2.2.1) with k=a+ G <1; and a(x,y)=1for
all x,ye X .

Now we prove the uniqueness of fixed point of 7" under ‘condition (H)” and
it is the following:

Condition (H): For all x,y € X there exists z € X such that x <zand y<z,
a(x,z)>1and a(y,z) > 1.

Theorem 2.4.Let (X,=)be partially ordered set and suppose that there is a
metric d on X such that (X,d) is a complete metric space. Let 7: X — X
be a non-decreasing mapping. Suppose that there exist two functions
a: X XX —[0,00)and ¢ € ¥ such that

a(x, y)d(Tx,Ty) <p(M(x, p)) + LN(x, y) , where (2.4.1)
max fd (v, ), 2 TOA0TY) 0TV, T)
T d@y T d(ey)
M(x, y) =
JTICT), e
d(x,y)
Oif x=y
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andN(x, y) = min{d (x,Tx),d (x,Ty),d(y,Tx)}, x,y € X with x < y.
Also, assume that
i T is a-admissible;
(ii) there exists x, € X such that a(x,,7x,) > 1with x, < Tx,; either
(iii) T’ is continuous (or)
(iv)if{x,} is a non-decreasing sequence in X suchthat x, — xas n — oo
then x =sup{x, };and also o(x,,x) >1and a(x,Tx) > 1.
If condition (H) holds, then 7' has a unique fixed point.

Proof: Since the inequality (2.4.1) implies (1.13.1), it follows that 7" is a
(a, 7)) -contraction map, and hence by Theorem 2.1, 7 has a fixed point.
Suppose that x, y € X are two fixed points of 7" . By condition (H), there exists
z € X such that

x=<zand y=<z, a(x,z)>1and a(y,z) >1.

Put z =z, and choose z, € X such that z;, =T7Z,.

We define a sequence {z,}in X by z, =Tz forall n>0.Then x =<z and
Y=2zy.. a(x,zy) >1anda(y,z,) >1. By using the non-decreasing property
of T', we have Tx <7z, and y <7z, .Hencex <z and y<z.

On continuing this process, we have

x=z,and y=<z for n>0 (2.4.2)

Now, since T is a-admissible, we have

o(Tx,Tzy) >1and a(Ty,Tz,) > 1. Hence a(x,z,) >1and o(y,z)>1.
On repeating this process, we have

a(x,z,)>landa(y,z,) >1 for n>0.(2.4.3)

In (2.4.2), if x = z, for some n, then Tx =7z, so that x =z, .. Also, we have

x =z, for m>nsothat limz, =x.

n—0o0
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Hence w. l. g we assume that x =z forall n.

By using (2.4.1) with (2.4.3) we have

d(x,z,.,)=d(Tx,1z,)
<oa(x,z,)d(Ix,1z,)
< o SETHC) ST
A IACTZ)) ) L) in (d (v, T, d (6, T2, ), d 2, T)
d(x,z,)
d(x,x)d(z,,z,.,) d(x,z,.,)d(z,,x)
< (max{d(x,z,), d(x2) ) d(x2)
A0dC0Z00)4 ) ] min(d (e, T, d (v, 2, ), d (2,00}
d(x,z,)
<(max{d(x,z,),d(x,z,.,)} (24.4)

b

2

Now, ifmax{d(x,z,),d(x,z,.,)} =d(x,z,,,) then we have

d(xa Zyl+1) S Q;Z)(d(x9 Zn+1 )) < d(x9 Zn+1 )’
a contradiction.

Hence, from (2.4.4), we have

max{d(x,z, ),d(x,z,)} =d(x,z,)so that

d(x,z,,,) <(d(x,z,)) = P(d(x,z, )
<P (d(x,z,.) <P (x,2,,)) ... SY((x,2)) — 0 asn — oo,
Therefore limz, =x. (2.4.5)

n—o0

By applying the similar argument to {y, } it follows that

limz, = y. (2.4.6)

n—oo

From (2.4.5) and (2.4.6) we have x=y.

This completes the proof of the Theorem.

In the following, we provide examples in support of the results obtained in
Section 2.
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Example3.1.Let X =[0,4] with the usual metric. We define a partial order
=<on Xby=={(x,y):x,y€[0,2),x=y; U{(x,):x,y €[2,4],x X y} . Then
(X,=) s a partially ordered set.

T fo<x<l
2
3x 10

We define T: X — X by T(x)= 7—1 if1§x<?

4 if?s)cszt,

1 if 2<x<4and y=4

mﬂa:XXXV*UU”)bya@JOZ{O otherwise

Here we note that T is non-decreasing on X and continuous on X . Moreover,

we choose x, —?GX, then oz(xO,Txo)—a(¥,4)21 and ?gT%—%

for xoz?,xlsz0:4 and x,=7Tx, , =4 for all n>1land hence

10

x=Ilimx, =4.Also a(x,,x)=of 30,4)21 and a(x,Tx)=(4,T4) > 1.

n—00

Now, we show that T is «-admissible.
) 10
Case (i) 2§x<? and y=4.

In this case, Tx €[2,4)and Ty =T4=4.
Therefore, by the definition of o we have a(7x,74)=1.

Case (ii) ¥<x§4 and y=4.

In this case, Tx=4and Ty=T4=4and hence, a(Tx,7y)=c(4,4)=1.
Therefore, T is «-admissible. Now, we verify the inequality (1.13.1) by choosing

1 € U given by @Z)(t):%for t >0and L:%.
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Case (i) 2§x<?and y=4.

In this case, a(x,y)=1Tx :37)(— LTy =4 and a(x,y)d(Tx,Ty) = 5—%x,

M(x,y)= max{4—x,0,5—%x,0,§—1} =4 —x and

NGey)=min{d— x5 Sx X p=p) 1
(x,y)_rmn{ - _Ex’z_ }_{5—%( if3§x§?<

Sub Case (i):

5—%x=anmnﬂws%m—m+%§—n=wMaJ»+Lan.

Sub Case (ii):

5 —%x =a(x,y)d(Tx,Ty) < %(4 —Xx)+ %(5 —%x) =yP(M(x,y))+ LN(x, y).

Case (ii) ?§x§4and y=4.
In this case, d(Tx,7y) =d(4,4) =0, hence we have

a(x,y)d(Tx,Ty) = 0 < p(M(x, y)) + LN(x, y).

Therefore T satisfies the inequality (1.13.1) and hence T satisfies all the
hypotheses of Theorem 2.1 and 7" has three fixed points 0, 2 and 4.

Here we note that if L =0 in the inequality (1.13.1), then for x =2and
y=4we have «(2,4)d(T2,T4)=2% p(M(2,4))=v¢(2)for any eT.
Hence the inequality (1.13.1) fails to hold when L =0 . This example shows

the importance of L in the inequality (1.13.1) of Theorem 2.1.
Further, we observe that the inequality (1.9.1) also fails to hold. For, by

choosing (x,y) =(2,4) we have

d(2,T2)d(4,T4)

d(T2,T4)=2 .0 2<]=
(T2T4=2£a0+B2<1=a==000

+06d(2,4)
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for any o, 3 €[0,1) with a+5<1.

Hence Theorem 1.9 isnot applicable. Therefore, by Remark 2.3 (i) it
follows that Theorem 2.1 is a generalization of Theorem 1.9.

Remark 3.2.We note that 7 also satisfies the inequality (2.4.1) with the same

« and ¢ that are mentioned in Example 3.1. But, forx = % and y = % , and for

. 1 1 1 1 ..
any zin X , " £z and 5 £ z; also a(Z’Z) #1 ,a(E,z) # 1. Hence condition
(H) of Theorem 2.4 fails to hold and 7' « and 1 satisfy all the remaining

hypotheses of Theorem 2.4. We observe that 7 has more than one fixed point
namelyO, 2 and 4.

The following is an example in support of Theorem 2.1 when (iv) of
Theorem 2.1 holds, but T fails to be continuous.

Example 3.3. Let X =[0,2] with the usual metric. We define a partial order <

on X by j:z{(x,y):x,ye[o,zxx:y}U{(o,z),(l,z)xg,z)}-
Let A= {(x,7):x,y €[0,2),x = y} U {(0,2),0,2),(%,2)}

and B—{(x,y)eX><X:x:¢y,x¢0,1,%andy¢2}.

1-x if 0<x <l

) if 1<x <2 and a: X X X —[0,00)

We define T: X — X by T(x):{

3 .
by aey)={; 704

0 if (x,y)€B.

Here we note that T is non-decreasing on X, not continuous and «

-admissible. Moreover, we choose x, = 3 € X, then a(x,,Tx,) = a(i,Z) >1
2 2

and ijTi, for xozg,xlsz0:2and x,=1Tx, ,=2for all n>1and
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n—o00

hence x = lim x, = 2. Also a(x,,x) = a(%,Z) >land a(x,Tx) = (2,72) > 1.

Now, we verify the inequality (1.13.1) by choosing ¢ € ¥ given by ¥(¢) = %t
for t>0and L =3.

Case (i): x=0and y=2.

. 3 3
In this case, a(x,y) = E,Tx =17y =2 and a(x,y)d(Tx,Ty) = E ,
M(x, y) =max{2,0,1,0,1} =2 and N(x,y)=min{2,1,1} =1.
Hence, we have

% =a(x,y)d(Tx,Ty) < %(2) +3.1=9yY(M(x,y))+ LN(x, ).

Case (ji): x=1and y=2.
In this case, a(x,y)—%, Ix=0,Ty =2 and a(x,y)d(Tx,Ty)=3,

M(x,y)=max{1,0,2,0,1} =2 and N(x,y)=min{l,1,2} =1.

Hence, we have

3=a(x,y)d(Tx,Ty) < %(2) +3.1=9yYM(x,y))+ LN(x, y).

Case (iii): x= % and y=2.

In this case, the inequality (1.13.1) trivially hold.

From all the cases considered above, T satisfies the inequality (1.13.1)
and hence T satisfies all the hypotheses of the Theorem 2.1 and T has two
fixed points %and 2.

Here we note that if L =0 in the inequality (1.13.1), then for x=1and
y=2we have (1,2)d(T1,T72) =3 £ ¥(2) = ¢(M(1,2)) for any 1) € U so that
the inequality (1.13.1) fails to hold when L =0, which shows the importance
of L in Theorem 2.1.
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Further, we observe that the inequality (1.9.1) fails to hold. For, by choosing

(x,y)=(1,2) we have

d(1,T1H)d(2,T2)
d(1,2)

Hence Theorem 1.9 is not applicable. Therefore, by Remark 2.3 it follows that
Theorem 2.1 is a generalization of Theorem 1.9.

d(T1,T2) =24 a.0+pB1<1=a +8d(1,2).

One more example in support of Theorem 2.1 is the following:
Example 3.4.Let X,7,¥,« and partial order <be as in Example 1.14. Then
T is ov-admissible and choose x, =2 € X . Then a(x,,Tx,) = «(2,3)>1 and
2 <XT?2.Also T is an almost generalized (1)) -contraction map with rational
expressions with L =3 and is verified in Example 1.14. Hence T satisfies all
the hypotheses of Theorem 2.1 and T has two fixed points Oand 4.

Here we note that the inequality (1.13.1) fails to hold when L=0. For,

when x=2 and y=0 we have «(2,0)d(T2,T0)= % £1p(3) = (M (2,0))

for any 1 € ¥, which shows the importance of L in Theorem 2.1.

Further this 7 is neither Jaggi contraction nor almost Jaggi contraction
and it is observed in Examplel.14.

Hence, by Remark 2.3 (i) and (ii), we conclude that Theorem 2.1 is a
generalization of Theorem 1.9 and Theorem 1.11.

We conclude this paper with the following example in support of

Theorem 2 4.
Example 3.5. Let X ={0,1,2} with the usual metric.c. We define a
partial order =< on X by=:={(0,0),(1,1),(2,2),(0,1),(0,2),(1,2)} . Let
A4=1{(0,0),(1,1),(2,2),(0,2),(2,0),(1,2); and B={(0,1),(1,0),(2,1);. We
define 7: X — X by70=2,T1=0and 72 =2 .Wedefinea: X x X —[0,00)

3 .
by a(x,y) =13 ¥ (@4

0 if (x,y)eB.

Then T is continuous, non-decreasing and «-admissible. We choose

x,=0€ X . Clearly x, XTx,and a(xo,TxO):a(Z,Z):%Zl. Further, T
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satisfies the inequality (2.4.1) by choosing v € ¥ given by w(t):%t for

t>0 and L=2. Hence T satisfies all the hypotheses of Theorem 2.4 and 2

is the unique fixed point of 7.
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