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Music, a creative art has a strong foundation on science and mathematics. Source of music can
vary from vocal chord to various types of musical instruments. One of the popular stringed and
fretted musical instrument, guitar has been discussed here. The structure of the guitar is based on
mathematical and scientific concepts. Harmonics and frequency play pivotal role in generation of
music from a guitar. In this paper, the authors have investigated various factors related to the structure
of a guitar. Aspects related to the musical notes of a guitar have been analyzed to gain a better insight
into the mathematical pattern involved in the music of a guitar.

1. Introduction

A proper sequence of simple sounds conforming to certain
rules that are governed by the logic of Mathematics and the
laws of Physics creates music. Pitch, duration and loudness
are the three basic elements of music. According to scientific
perspective, pitch is related to frequency; similarly, duration
is related to time and loudness is connected to energy.
Melodious music can be generated from the human vocal
chord or various types of instruments that usually belong
to different categories of musical instruments like stringed,
percussion, piped (Blatter 2016; Bhattacharya 1989).

Stringed instruments can be further sub-divided into
three types—plucked, bowed, struck. Among the popular
instruments, guitar, and the Indian sitar belong to the
plucked category, violin and the Indian sarangi are from
the bowed section, and western piano and Indian santoor
belong to the struck category.

Plucking gives an impulse that causes the string to
vibrate in different modes of vibration and creates harmonics
that results in standing waves. With the onset of vibrations in
a string, there are certain points in it where the amplitude of
the string vibration is zero from mean position; technically,
such points are called nodes and midway between two
consecutive nodes, lies the antinode where the string vibrates
with maximum amplitude (Bhattacharya 1989).

When a string vibrates with maximum amplitude at the
centre of its length, fundamental mode or first harmonic
results. With increase in number of nodes in between,
harmonics increases (Blatter 2016; Gunther 2012). The
relationship between length (Z) of the string and wavelength
(N\) of sound corresponding to n™ harmonic can be written
as L =n(\/2). Length is connected to frequency (f) and
velocity (v) of the sound generated through the relation,
S =v/2L.If f;= fundamental frequency, then frequency
of higher order harmonics are given by the relation, f, = nf,.
A string of finite length in a guitar will generate music
when plucked. Standing waves in a stringed instrument
occur at certain specific frequencies that can be predicted
by Mersenne’s Law (Gunther 2012; “Determining Pitch”
2017).

The other factors on which frequency depends are length
and mass per unit length. Mercenne’s law illustrates that the
frequency of the vibrating string is inversely proportional to
the length of the string. Accordingly, the n-th harmonic of
the string occurs at frequency, f, =(n/2L)\JT /j1 where
n = harmonic number = 1,2,3,...; L = length of vibrating
string, (¢t = mass per unit length of the vibrating string.

On plucking a guitar string, it vibrates exhibiting a
variety of sounds. When the string of a guitar is plucked at
different sites along its length, there is a significant variance
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in a note’s sound. It has been noticed that notes plucked
near the bridge of the guitar seem to have a brighter, sharper
sound whereas the tone that comes from it being plucked
over the sound hole is different. Physically, the speed of
these waves depends on the tension (stiffness) in the string
and its mass density or mass per unit length. The guitar
with the stiffer spring will vibrate at a higher frequency than
the system with the looser spring that in turn would affect
frequency (Herman 2012; Gualandri 2016) Wave velocity
along the string is given by the expression, v=+/T /1 . On
changing the length of the vibrating string, the vibration
will occur at different frequencies. As the player changes
his finger’s position from one fret to the other, then the
vibrating length of the strings vary. The six guitar strings
have different mass per unit length. The ones with higher
mass per unit length will vibrate with lower frequency than
the thinner strings (Varieschi and Gower 2010).

In this paper, the authors aim to investigate multiple
numerical aspects associated with the structure and hence,
the music obtained from a stringed and fretted musical
instrument. Here, the experimental instrument chosen
is guitar. The mathematical characteristics of the string
diameters, fret heights, inter-fret distance and length of
musical notes were investigated through this work.

2. Methodology

To study different characteristics of a stringed and fretted
instrument, guitar was chosen; both acoustic and electric.
Irrespective of the guitar type, it has six strings. In standard
classical guitars, usually there are 20 frets whereas in electric
guitars the number of frets vary from 21 to 24.

2.1 Measurement of String Diameter

With a screw gauge of least count 0.01 mm, diameters of the
six strings were measured. By convention, the thinnest string is
considered as the first string, denoted as S1 and the thickest as
S6, here (Savage and Andrew 2017). To obtain a good average,
string diameter was measured at the neck and body of the
guitar and also at the mid of the fret board. The values and
their respective analysis are shown in the Results Section (Table
1-2 and Figure 1). For the acoustic guitar, string diameter has
been plotted as a function of its mass per unit length (Figure 2).

2.2 Measurement of Fret Height and Inter-fret
Distance

Digital caliper having a least count of 0.01 mm was used to
measure the heights of the fret and also the inter-fret distance,
i.e. distance between two consecutive frets. In order to
understand the structure of a fret, the measurement was taken

at the left and right edges of the fret; it was carried out even
at the centre of the fret. (Table 3 and Figure 3). Due to the
crucial placement of the frets, digital caliper was a preferred
tool in comparison to other standard tools of least count
0.01mm. The distance between two consecutive frets has been
designated as inter-fret distance. The values have been plotted
for both acoustic and electric guitars in Figure 4.

2.3 Measurement of Note Length

The twelve musical notes, A, A#, B, C, C#, D, D#, E, E F#,
G, G# were played on each of the six strings in an Acoustic
Guitar. The respective lengths were noted with a standard
scale of least count 1 mm on which statistical analysis was
done for further revelation.

3. Results and Discussion

In Table 1, the diameter measurement of the Acoustic
Guitar is shown.

Table 1: Diameter of the Strings of Acoustic Guitar.

String | Diameter of Acoustic Guitar String at | Mean

No. Different Positions (cm) Diameter
Neck of | Mid of Body of (cm)
Guitar Fretboard | Guitar

1 0.22 0.22 0.22 0.22

2 0.26 0.26 0.26 0.26

3 0.37 0.37 0.37 0.37

4 0.62 0.62 0.62 0.62

5 0.84 0.84 0.84 0.84

6 1.05 1.05 1.05 1.05

Thus, it is evident from Table 1 that the diameter of
each string is uniform throughout but different from the
other strings. In Table 2, the diameters of the Electric Guitar
are noted.

Table 2: Diameter of the Strings of Electric Guitar.

String | Diameter of Acoustic Guitar String at | Mean

No. Different Positions (cm) Diameter
Neck of Mid of Body of (cm)
Guitar Fretboard Guitar

1 0.32 0.32 0.32 0.32

2 0.40 0.40 0.40 0.40

3 0.62 0.62 0.62 0.62

4 0.84 0.84 0.84 0.84

5 1.06 1.06 1.06 1.06

6 1.34 1.34 1.34 1.34
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Here, too, it is noted that the diameter of each string
is uniform throughout and the diameter of each string is
unique. At the same time, both Table 1 and Table 2 shows
that the diameter of every string is not only different from
each other but they are placed from one end to the other
along the length of the guitar in an increasing trend of the
diameter. So, further investigation was carried out to find
out a relation among this variation of string diameter.

Plot in Figure 1 indicates the exponential variation of
the diameter of the guitar strings. In Figure 2, the nature
of variation of string diameter in an Acoustic Guitar is
analyzed with reference to the standard value of mass per
unit length of the string (Noyce 2017). Two trendlines,
linear and polynomial have been plotted in Figure 2.

Variation of String diameter with String No.
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Figure 1: Variation in Diameter of Strings in Acoustic and
Electric Guitars
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Figure 2: Variation of String Diameter of Acoustic Guitar with
Standard Mass Per Unit Length of String

Figure 2 supports the fact that the diameter of the
strings in a guitar variesexponentially. It has been noticed
that the mass density and tension of guitar strings are
determinant factors for velocity of the wave along the
string. Speed of the wave along a string under high
tension would be high and consequently, frequency would
be higher for a given wavelength. For pleasant music,
waves must travel with varied speed along the different

strings and so either the tension or the mass density of the
strings should vary. Usually, the tension along the strings
are nearly the same but the thickness of the string varies
resulting in varied mass density, and hence, generation
of pleasant music. The string with larger mass density
experiences lower speed of the waves along it (Hokin
2018). The variation in the string diameters facilitate an
approximately similar tension on each string with the
maintenance of different speeds along the various strings
in order to facilitate the musician.

3.1 Measurement of Fret Height

The heights of every fret in both acoustic and electric guitars
were measured. Values are presented in Table 3. It can be
observed that the height of the frets are always highest at the
central level and it progressively decreases from fret no. 1 to
fret no. 20; fret no. 1 has been considered, here towards the
neck of the guitar.

Table 3: Fret Height in Acoustic Guitar and Electric Guitar

Fret Acoustic Guitar Fret Electric Guitar
No. |Right |Central |Left No. |Right |Central|Left
1 1.11 |1.15 1.12 1 1.04 1.05 0.95
2 [1.06 |[1.09 1.04 2 0.98 |1.08 0.93
3 109 0.96 0.95 3 1.01 1.06 0.92
4 0.92 [0.95 0.93 4 1 1.03 0.9
5 1093 ]0.96 0.9 5 0.92 097 0.85
6 (0.85 ]0.97 0.84 6 0.93 10.99 0.89
7 1095 097 0.9 7 0.84 |0.87 0.86
8 10.94 |0.99 0.96 8 1.09 |1.16 1.02
9 0.94 |0.97 0.85 9 0.96 1.01 0.77
10 1093 ]0.99 0.97 10 [0.96 1.02 0.89
11 [0.96 |0.98 0.96 11 |1 1,02 0.82
12 [0.96 |[0.98 0.92 12 [1.02 |1.03 0.97
13 10.93 |0.94 0.85 13 1099 |1.01 0.98
14 10.98 [0.99 0.93 14 [1.02 1.03 0.9
15 10.93 |[1.09 0.93 15 [1.03 1.05 0,97
16 (0.98 [1.09 0.94 16 |[1.04 1.09 0.92
17 10.95 |1.04 0.95 17 1097 [1.05 0.9
18 10.94 |[1.01 0.96 18 [0.84 |0.87 0.83
19 10.99 [1.03 0.88 19 10.88 |0.99 0.83
20 (093 10.95 0.92 20 (0.92 1.03 0.87
*Value of Fret Height (mm) 21 |1.03 1.05 0.99
*Measurement Position for Fret 22 |0.97 1.03 0.87
Height
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The above variation is plotted in Figure 3 wherein only the
central height of the frets have been chosen.

Variation of Fret Height in Acoustic and Electric Guitars
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Figure 3: Variation of Fret Height in Acoustic Guitar and Electric
Guitar.

From Figure 3, it can be noted that in case of majority of
the frets, the central height of the fret is slightly higher in case
of the electric guitar in comparison to the acoustic guitar.
On pressing a string against the different frets, the vibrating
length of that string reduces to the distance between the
bridge of the guitar and finger on the specific fret, thus,
producing different musical notes. The height of the frets are
not much to enable easier string bending to produce clear
notes without excess pressure (Drozdowski 2012).

Variation in the inter-fret distance, i.e. the distance
between the consecutive frets was also plotted in Figure
4. From the plot, it is evident that the space between two
consecutive frets is in the (exponentially) decreasing order.
The frets are placed along the fingerboard of a guitar
according to the fret rule that enunciates the placement of
frets at one-cighteenth the remaining length of the string.
This indicates that the frets are placed approximately a
semitone apart. Usually, a musical octave is divided into 12
equal tempered semitones. In this paper, the authors have
illustrated graphically the precise manner in which the inter-
fret distance have changed in Figure 4.

Inter-Fret Gap Distance of Acoustic and Electric Guitar
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Figure 4: Variation of Inter-fret Distance in Acoustic Guitar and
Electric Guitar.

The exponential relation that exists for the inter-fret

distance of the acoustic guitar examined is y = 37.03¢ 6%

and for the electric guitar is y = 36.831e %%, Existing work
shows that a fret is placed at a distance of 1/1.0595 from
the bridge, the second fret at a distance of 1/1.0595% and so
on (Hokin 2018). This indicates the existence of a specific
pattern or a mathematical ratio according to which the
distance between consecutive frets change. Here, the authors
could show the exponential relation on the basis of which
the frets have been placed along the finger board in a guitar.
The frets are located appropriately to match the exact length
for a specific note along every string. During this work, the
length of the different notes along every string was measured
and a cyclical pattern was noted among the various note
lengths. In Table 4, the correlation coefficient between the
strings based on the length of the notes are shown (Nave
2017; McNeil 2017)

Table 4 : Correlation Coeflicient Matrix Between Strings.

String | S1 S2 S3 S4 S5 S6

S1 — —0.45 | —0.13 | 0.27 —0.56 | 1.00
S2 —0.45 | — —0.33 | —0.13 | 0.14 —0.45
S3 —0.13 | -0.33 | — —0.45 | 0.14 —0.13
S4 0.14 —0.13 | —0.45 | — —0.45 | 0.14
S5 —0.45 | 0.14 0.14 —0.45 | — —0.45
S6 1.00 —0.45 | —0.13 | 0.14 —0.45 | —

In Table 4, the result of correlation between the same strings
have not been considered as their strong correlation is obvious.
From the values in Table 4, it can be inferred that string S1
and string S6 are strongly correlated. With tension and mass
density as constant, the length for the various notes of the
octave is known to be a function of the original string length
(Hokin 2018). A statistical analysis was carried out on the data
of the lengths of the notes along the six different guitar strings
of an acoustic guitar. The results are tabulated in Table 5.

Table 5: Descriptive Statistics of Length of Musical Notes in
Acoustic Guitar.

Statistical String No.
Parameters g1 |s2  [s3  [s4 S5  |[S6
Mean 25.16 |25.16 |25.16 |25.16 |[25.16 |[25.16

Standard 1.58 1.58 |1.58 |1.58 1.58 1.58

Error
Median 24.40 |24.40 [24.40 [24.40 |24.40 |(24.40
Standard 5.47 5.47 |5.47 |5.47 5.47 5.47

Deviation

Sample 29.97 129.97 1(29.97 (29.97 |29.97 (29.97
Variance
Kurtosis —0.86 [—0.86 |—0.86 |—0.86 |—0.86 |—0.86
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Skewness 0.44 [0.44 |0.44 |0.44 |0.44 |0.44
Range 17.00 |17.00 [17.00 |17.00 |17.00 |17.00
Minimum 18.00 |18.00 [18.00 [18.00 |18.00 |18.00
Maximum 35.00 |35.00 [35.00 [35.00 |35.00 (35.00
Sum 301.90 |301.90 {301.90(301.90 |301.90 |301.90
Count 12.00 |12.00 |[12.00 |12.00 [12.00 [12.00

Confidence |3.48 |3.48 |3.48 |3.48 3.48 |3.48
Level (95.0%)

Interestingly, it is observed that all the descriptive statistics
of length of notes are same for different strings. This implies
that for every string though the same notes are located at
different lengths but the range of variation of the note length
for all strings is in the similar range. This gets supported by
the fact that every note has a certain frequency and these
frequencies obey a certain logical structure (Lahdevaara
2014). Inspite of the statistical data being the same, the
distribution of length of node for every string generates
different music. On analyzing different pluck locations
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