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We study incompressible, inviscid, density stratified fluid with variable cross section in this present
paper. For this problem, we have obtained a bound for the complex part of phase velocity. Furthermore,
we have obtained an instability region which depends on number of parameters.

1. Introduction

In  physical oceanography, stability of inviscid,
incompressible, density stratifed fluid with variable
topography is an important study. In hydrodynamics,
standard Taylor-Goldstein problem has been used to analyse
constant topography whereas extended Taylor-Goldstein
problem of hydrodynamic stability is employed to study
variable topography. The latter study was initiated by (Pratt
et al. 2000) and the problem have been extended further by
Deng. ez al. (Deng, Pratt, Howard and Jones 2008). (Pratt
et. al. 2000) stated that it is necessary to know in advance
the flow might be stable or unstable and the range of phase
speeds. A number of general analytical results have been
derived for this problem by the various authors namely,
(Deng ez al. 2008), (Pratt ¢t al. 2000), (Reddy and Subbiah
2014) and (Subbiah and Ganesh 2009, Subbiah and Ganesh
2008), (Ganesh 2010), (Sridevi et. al. 2017), (Sridevi and
Ganesh 2015, Sridevi and Ganesh 2018) and (Reenapriya
and Ganesh 2015).

In our present work we have obtained the bounds for
the complex part of the phase velocity. Also, we have derived
an instability region depending on various parameters.

2. Extended Taylor-Goldstein Equation
The eigen value problemfrom (Deng ez. al. 2008) is given by

, Upy
b U, —c) U,—c ’
with
W (0)=0=W (D). 2.2)

Where, W(z) - eigen function, ¢ = ¢, +ic, complex phase
velocity, where ¢, >0 for unstable modes ¢, > 0(< 0) for
growing (decaying) modes and N 2 (z) > (0 - stratification

parameter, &(z)- breadth function, U, () - basic velocity

profile and 4> 0 - wave number.

3. Bounds for Complex Part of Phase Velocity
3.1 Theorem

If ¢ =c, +ic, and imaginary part of ¢ >0 then
1
JIW'] de+ K |W|dz—sz/|W|2 dz

Nz 2 2 2
e GO (LA
0

U,
b

IIJU_C|2

+/

(U, —¢,)| W[ dz=0.
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Proof:
Equation (2.1) can also be written as
N W
W"'+TW' +T'W + ~W — W —£W =0,
U, —¢) U,—c¢
(3.1)
with boundary conditions
W (0)=0=W (D). (3.2)

Multiplying (3.1) by W', integrating and applying over
boundary conditions (3.2), we get

J|w' P +#|W [ |de— [ TW'W de— [T'|W | dz

N? ,
_f—(Uo—c)z |W [ de
o]
b
+I(U 7C)|W|2 dz =0.

Equating real parts, we get

f“W/ § +k2|W|Z]dz—Re.f7 W’W*dz—fT/|W|2 dz
N2

.

|U, _[|4

[(Uofcr)z —Ci2]|W|Z dz

b[Uo]

b

+IW(UO_C’)| W |2 dZ:()
0

SinceRe. [TW'W dz = —%IT' | W? | dz , we have [cf. [3]]

Sw'e +/e2|W|2]dz+%fT’|W|2 do— [T\ WT de

NZ
g ety —efiwr &
0 B
b
H g W= e)IWF dz=0,
0

J]w'p +/e2|W|Z]dz—%fT’|W|2 dz

N2
S We—e ) | Iwr
0 >
b
+fm(Uo *Cy)|W|2 dZ:O.
0

(3.3)

3.2 Theorem

If ¢ =c¢, +ic;, then the following integral relation is true

’ 2
f[(bTW)} dzf%fT’|W|2 ds+ B [|W' P ds
N2
‘|‘/€2 fm[([]o —C, )2 —Cf]lle dz
0
m[”é]
b
+2f T (Uy—c)|W [ de
0
N
_f|U _C|4|W|2 dz
0
a
b
*szm((jo *Cy)l‘Vlz dz
0
(0
b 2
0
Proof
The eigen value problem is given by
U, .
1 2 b(=")
CW) | [N b plw=o, (3.4)
b U,—c¢) U,—c
with boundary conditions
W (0)=0=W (D). (3.5)

Multiplying (3.4) by | %

, integrating and applying

over boundary condition (3.5), we get

7]
+f N —bka Wlw] dz =0

(Uo—c)2 a U —c¢

0

J

\(bW) ] o

(3.6)

From (3.4), we get

W (3.7)

G
[(bW )‘ | L8 N?
b
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Substituting (3.7) in (3.6), we get N VT
U, U,
swy [ b[b} b[l’]
J ew) dz+k2fTW*W'¢iz+/e2f|W'|2 dz _sz—z[(Uo_Q)"‘iff“WF a’z—f—2
b |Uo_c| ) |Uo_c|
2 R U(;
U, —¢) N +f - - 2[(U0—cr)7ici]|W|2 dz = 0.
sz[Uo] U,—c)y U, —c)
+f . b WP e Taking real parts, we get
U, —e¢) (Uo—c> WY P 22
N wp f[T‘ de= I TIWE det b [IW'F de
|l]o_6‘|4 5 2]‘ Nz 5 R "
N Y +k Uy—c) —=c||W] dz
(U b[U‘)] G, el o) =
2 b 2 b 2 U‘
[l WP de— [ | W de N2b| =0
(U076> |U07€| b 2
oy +2f (Uy—c,)|W [ dz
U, |U, —¢|*
sz[bo] NO4
+ — |W [ de=0; e
s |Up—el"”
~ 3]
ie.,
. —lezfm(Uo—C,)l‘Vlz dz
(bw) e s [P N
JII—=|| e+ [TW Wiz +k* [ |W'| dz b[U°]
b
N* ) R =
+/€2fm[(Uﬂ—c,)z—cf—O—z’Z(UO—c,)c,“WF dz f|U07[|z |W " dz=0.
0o ¢
2 U() ) (3.8)
Nb[b] N 3.3 Th
+f 7 . [(Uo—cr)-ﬁ-ici“WF dz—fﬁﬂvr dz . eorem
B o I <0, then the bounds for complex part of the phase
Uy =¢] Uy =¢] £7' hen the bounds f plex part of the ph
velocity ¢ = ¢, +ic, is given by
1
N N R
N:ﬂn b ﬂ [M]—l—]\liﬂ A ﬂ [U()max UOmin]
b 2 b 2
< max max
o= TR o,
D%~ D’ Tk
Proof: sz[U‘;]
Multiplying (3.3) by £ and adding with (3.8), we get b
ultiplying y gw we g +2f (UO—C,)|W|242
) |U0_ |4
: 4
JCYN oo [\ WP de N WP
b |Uy —c|
WP de— B [T | WP de b[U;]’Z
b
—f—U _|W [ dz=0.
| ofcl (3.9)
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Since 7'<0, dropping the fourth integration and U : . 2
_ 4
M <— ! ; < — and using Rayleigh - Ritz N,. b[bo G+N,,. + b[;]
|U07f| 2(‘ |U 7f|2_ > €4 max max
. . i = 4
inequality Wf;zm pyA 7T22+/€4‘
2 L 2 D% D
g dzZEf|W| dz and .
W since ¢; < [ o 3 — ] , we get
' g2
Ik \MTW)] dz > bmm JIW P dz we get
" . (o, U, —U, \ ; u,. U\
. N |6 ? =+ N 46| — - =
7T bmm ﬂ- 2 2
\Dﬂf i Jw e ¢, < - ™
max ) m b i 2 ’ 4
U’ 2k —+k
2N2 b[;] ) |b<U,) Db
max Nmax 0 max
St +—_2f|W|2 dz,
4. Instability Region
4.1 Theorem
If ¢, >0 then we have the true intergral relation
T2
f[%wzmwxf de <
N U = Us :
b % [ Omax Omlﬂ] + | N2 |max |N |mm
U,,..—U,. e dz.
[ Omax Omzn] Ct,z | UO —c |2 2
Proof:
Multiplying (2.1) by (6W) integrating and applying the boundary conditions(2.2), we get
p| Yo
1] (a4 f—ZW(bW*)dz— S (0w Ve — oW (6w Ve =,
b U, —c) U,—c
b U<3
6wW) [
f|(—+/e2b|W| dz+ | bIW P de— [ ————=b|W[ ds=0,
b (Uo ) (U —c)
;,[Ué] *
T2 b U —¢ 2
T g iw |+ (°—,>/7|W|24z—f N Wme) iy =0
(U, =) (U0 —c ) U, —c) U, - )
|6W) P b[i] (% (e, —ie)
SRl e | WP | de+ [ bW dz f—U ¢, —ic))) b|W [ dz=0.
b |U0—c|2 (U, —c | ( ( ))

Real parts are separated to get
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Triangular inequality is used to get

bWy |
f%wmwr dz N
U
U |ew) P g 50] o =e)
b[ﬂ (U, —¢) f—b + 6| W P de< [ B E b|\W | dz
b —c
S | IZ bW de ’
o ¢ N2 (U 7“,)2
Nz[(Uoft‘r)zfctl] Z +f [ (; - ]b|W|2 de.
| ; b|W | dz=0, | Uy —c|
U,—c¢
I M+kzb|w|z dz Substituting in the place of (UO—C,)S[U om],
b P 1 1
: : > Sland > S_z’
b[Un W <) U, —c] U, —cF ¢
b ’ ,
__f |U |z 6| W[ d we get,
0 -C
Nz[(UO—cr)z—cf‘] ,
+/ T b|W I de
0
2
f\'“’?' | W ds <
U’ ’ |]\72 |max [U max 7U min]2 |N2 |min Ciz b | W |2
b[f] [UOWﬂx UOmin]+ :‘2 . - C2 f|U _€|2 ’
i i 0
T2
f\%w&bwr dz <
b[[io [UOmﬂx _U0min]ci2+ | N2 |max [U()mmc _U()min]z_ | NZ |mz’n Ciz
2
max f b|W| dz.
fi2 |(]0_C|2
2
By substituting ¢* < [w in the above equation
T 12
f\%w%wf ds <
N _ 3 _ 2
b % [UOWW UOW’"”] + | Nz |max [UOmax _UOmin]z_ | N2 |min [Uom‘l’f UO”””]
max f | | dZ
2 U _ 2 :
¢ |U, —¢|
‘Therefore,
S 12
S s w e <
b[U(;] [UOmax _U0min]+|N2 | _|]\[2 |min
b 4 e 4 bW (4.1)
U 7U ) 2 max .
[ Omax Omm] C‘l-z flUO_f|2
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4.2 Theorem Taking real parts, we get,
If ¢, >0 then ﬂy(U,C)
» b T2 0 r
fl(bW) |2+/€25|W|2 s fwwzbwr dz+ [ | | b\W [ da
b o 7€
, W, ey —¢]
U, bW R A )
<o 70] Uy Uy ) HN fﬁdz. U, e
0 >
N b[U o (U, —c)
. 0 r
Newr . b 2
Proof: i B W de< |- U] b|W | dz
Let us consider the transformation, 0
W =(U,—c)F, (4.2) N[, —e) -]
bW [ df.
We have U, —cl
: Si Uy—c,|<|Upee = Usoi d
| (6W) | |U || (bF) ince | 6| <[Uspue = Uspin] an
2 2|U )2 (4.3) [(Uo —c )2 _Cl-z] Sl Uo —c |2 >
e k we have
Using Cauchy-Schwartz inequality, we get i [ (6W) | W |
A b
U, —<|(6F) | U] £|= < BE, (4.4) N i
S b %] (U()max - UOmin )I%dz
: —c
where BZ_f|U0 P b‘F|2 de B> = [|U, = | Qs WP O
2
Using (4.2), (4.3) and (4.4), we have ie.
W)
|(bW)' |2 f\u+k2blwlz dz
S5 R FI e > (B BV (4.5) b
U, b|W [
b[_o] (UOmax - Omm) |]\]2 |max fl—lzdz‘
Multiplying (2.1) by (6W), integrating and applying b - | Uy —c|
boundary conditions (2.2), we get
b % (4.6)
ew) |’ b
f\%‘*‘kZHle dz+f(U _[)[7|W|2 dz 4.3 Theorem
0
_f (UN 2 : BIWP de=0. g:e range of complex phase velocity in C — C plane is given
) —¢
2 2 2
Cr [UOmﬂx + UOmzn ] + ci2 + ]0 [1 +izl C? S [U()max — UOmin ] ,
2 : 2
where
Y 2
(UO,,W _ Uo,m )2 b io ] [UOmax ;U(Jmin ]_|_ | N2 |mﬂx | N4 |mm
AZ — max
1 ﬂ-zbmm + kl
Db,
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Proof: Therefore,
Let us consider the transformation, It bW |2
W =(U,—c)F f{—b +kb6|W [ |dz > (B—E)’. 4.11)
=(U, }
6W = (U, —c)(F), '
bW) = ( —c)(bF) —|—U (bF) Using (4.1) and (4.11)
We have (B—E) <
, ’ U, N*| .
GWIE L) T b[] L/ PV T L
b Z 1Y% U U T b » 4 4
—2|U, — || GF) ||Us |l6F| +]U, P|GF) |. omax o ;
(4.7)
x[b|F| d.
Using Cauchy-Schwartz inequality, we get (4.12)
U, —c||6F) || U, || F| d2
1
) 1 122 2 _ AT
SNCAT dz]zlfwocf L4 £ =110, - F o
We know that | U, —¢[?>¢’.
I, = || @F) ||U,||F|d= < BE. (4.8)
Therefore, we have
where £ 2f|(bF)| +kb|F|]
=[|u, P ¢|FT da, (4.9)
Using Rayleigh-Ritz inequality, we get
b
=[1U,—c[ Qdz, (4.10) E*>¢ g;’" + B\ [b|F de,
and 2
E
b|F|' dz <
(bF) / 2 4.13
Q | b | +kzb|F| 2 ﬂ-bmzr/ +k2 ( )
Db,
Substituting (4.13) in (4.12), we get
I (o, U, 2
b Uy, [ Omax Omzn]_|_|N2 | - | N |mm
b 4 4 B
(B E) < [ Omax _U(]min ]2 e 2 2 >
Ci [2 ™ bmin +k2
"D,
(B E)Z < [U()max UOmin ]2 b ﬂ [U0max 0mm] + | NZ | _ | N2 |min E2
& b 4 e 4 )
i max C,Z 771- min +k2
"D,
E? [5—1]2 4 E?
ci

where
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U)| [V = Uy N,
U U ) 2 b ~o Omax Omin + NZ min
[ Omax Omm] [b] 4 | |m 4
A12: max Zb
iy
" Ymin +k2
ra k]
2 2 i.e.,
44
C.
' I N*6|F}? dz> ] B.
[_ﬁ<§ (4.14) | F] o
)" E Substituting (4.15) in (4.14)
2
E2[1+i2 <B’ RS
: I N*|F| dzzjoEz[H—c—z‘] )
N | FI dz> UL b|F dz :
JNb|FI ds> 7 Joi[ el T dz SN\ FP de> g1+ 22 ] B2,
min f
2 2 A 2
N IN?|FPdz> ], |1+ —2] J Qdz.
Let Jo = Min ;
(vs)

From (Deng et. al. 2008),

2
[Q [M]‘ +CZ[W] JQds+ | N | F ds <o0.

2 i

Substituting (4.16) in the above equation, we get

2

2
\Cr [M” +6‘12 +jo [1+i21 62 S [U()max UOmz'r/] )
2 c; 2
Where
w. —u T b[Uo] w+|1\/2| |N2 |mm
Omax Omin max
o b)| 4 4
1 2
b .
min +k2
s
4.4 Theorem

The range of complex phase velocity in ¢, — ¢, plane is given by

2
]0 62 < [UOrmzx _UOmin] ,

i

c [UOmux + U()mm
g 2

oo

(4.15)

(4.16)
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where
U\l Uy —Us, IN* ],
U _ U ) 2 b ~o Omax Omin + N2 _ min
( Omax Omm) [ b ] [ 4 ] | |m¢zx 4
AZZ — max -
| UO |i2m'n
Proof: Therefore,
From Theorem 4.3 consider the equation (4.9) fb |FPde < | : 2|2 (4.17)
> 0 Imin
B* = [|U, [ 6|F [ dz,
i | o | i Substituting (4.17) in (4.12), we get
B*>\U, " | b|F| 4z,
b UO [UOmax _UOml'n] + | N2 | _ | N2 |min
, , b 4 e 4 B
E-B"'<[U, —-U, . 2 - .
( ) N [ o Omm] 61'2 | UO |fnin
E Y A4
Bz[ —1] SFBZ’
E _ 1]2 < iz
B 2
where
U, Uppe — Uy, [N?,,
U _U ) 2 b ~0 Omax Omin + N2 _ min
( Omax Omzn) [ b [ 4 ] | |max 4 ‘
A22 — max .
| UO |fm‘n
[£ B 1] _ é i.e.,
i ZZ N |F} de> ],B. (4.19)
B zci (4.18) Substituting (4.18) 12n (4.19)
g [\ ppdez—EL
\1 e 1+
¢ 4
IN|F} de> /s zt‘izfQﬂ’Z,
, 14+ 22
SN |F dz>——| [|U,[*6]|F[ dss ¢

min

From (Deng et. al. 2008),
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2
¢, — [M] + Ciz _ [U0max — UOmin ]2
2 2

+e¢ +

JQdz+ | N*b| F| dz<0,

i

2
[C _[U0max+U0min] 2 ]O

2

where

U,

Omax

- UOmin )2

i

Omin ]_|_ | N2 | _ |min
max

|V
4

5. Conclusions

In this article, we have obtained the bounds for the complex
part of the phase velocity . It depends on number of various
parameters. We have also obtained an instability region
depends on various parameters like stratification parameter,
vorticity variation and wave number.
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