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Abstract

Some inequalities for the moments of discrete uniform distributions are obtained. The
inequalities for the ratio and difference of moments are given. The special cases give
the inequalities for the standard power means.
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1. INTRODUCTION

I etx,, X, ,X denote nreal numbers such thata <x. <b,i=1,2,...,n. The
r"order moment 1 of these numbers is defined as

W=13"w. (1.1)
noio
The power mean of order r namely M is defined as

M, = ()" forr#0 (1.2)
and
M, = lim( )" forr=0. (1.3)

It may be noted that M |, M and M, respectively define harmonic mean,
geometric mean and Arithmetic mean. It is well known that the power mean
M is an increasing function of r.

ForO<a<x <b,i=1,2,..,n, we have, [1],
A

K
>

> () (1.4)

where 1 is a positive real number and s is any real number such thatr > s. If r

is negative real number with r > s, the reverse inequality holds. For s = 0, the
inequality (1.4) gives
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p>(M,) (1.5)

See also [2]. Some bounds for the difference and ratio of moments have also
been investigated in literature; see [3-6].

Our main results give the refinements of the inequalities (1.4) and (1.5)
when the minimum and maximum values of x, namely, a and b, and the value
of n is prescribed, (Theorem 2.1 and 2.2, below). The bounds for the difference
and ratio of moments are obtained (Theorem 2.3-2.6, below). We also discuss
the cases when the inequalities reduce to equalities. As the special cases, we
get various bounds connecting lower order moments and the standard means of
the n real numbers, (Inequalities 3.1 - 3.33, below), also see [7-9].

2. MAIN RESULTS
Theorem 2.1. For0 <a <x, < b,i=1,2,...,n, we have

n o , a +b
n— 2] \ o
where n > 3, r is a positive real number and is any non-zero real number such
that r > s For s < r < 0O the reverse inequality holds. The inequality (2.1)
becomes equality when

s

M{Za +b

+ , (2.1)

n n

%
and x, = b.

s

np! —a* —b

X, =a,X, =X, =...=X,_ | =
n—2

n—1

The inequality (2.1) provides a refinement of the inequality (1.4).

Proof. The " order moment of n real numbers x, with x, = a and x, = b can
be written as

- a +b n n=2\x,"+..+x,, . 2.2)
n n n—2
Apply (1.4) to n — 2 real numbers x,, x,,..., x_, we find that
xzr —|—...+xrﬂ_1 > xzs —|—...—|—xsn_1 B (23)
n—2 o n—2 ’

where 1 is a positive real number and s is any non zero real number such that
r>s.
Combine (2.2) and (2.3), we get

u> a +b Jr[11—2]

.
n n

r
s

X o4 x
n—2

(2.4)

Also,
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uj:l[ by e b
n

Therefore
XX b, =ap —at b

Substituting the value from (2.6) in (2.4), we immediately get (2.1).

(2.5)

(2.6)

For s < r < 0, inequality (2.3) reverses its order [2]. It follows therefore

that inequality (2.1) will also reverse its order for s < r < 0.

Theorem 2.2. For 0<a<x, <b,i=1,2,...,n, we have

1>

'y

r b _2 M" n—2
a + _|_n [_O] ’

n n ab

where n > 3 and r is a non-zero real number.
The inequality (2.7) becomes equality when
Yia
and x, = b.

o

ab

n—1

X, =a,X, =X, =..=X,_, =
The inequality (2.1) provides a refinement of the inequality (1.5).

Proof. Apply (1.5) to n — 2 real numbers x,,x,...,x, , , we find that

LI .

-2 x"?

Xy +x; +.+x)
xn72 X! n
2 3 n—1

n—1 2
n—>2

Combine (2.2) and (2.8), we get

1. +b +n—2 .

M = Y . L R
Also,
1
M, = (a-xy-...b)r,
therefore
M"
0
X, X. X = .
Sy X,
! ab

Substituting the value from (2.11) in (2.9) we immediately get (2.7).

Theorem 2.3. For 0 <a <x, <b,i=1,2,...,n, we have
a.&' +bs N
2

ui—(ui)fzi ar;br—

2.7)

(2.8)

(2.9)

(2.10)

@2.11)

(2.12)
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where r is a positive real number and s is a nonzero real number such that r >
s. For s < r < 0, the reverse inequality holds.

For n = 2 inequality (2.13) becomes equality. For n > 3, inequality (2.13)
is sharp; equality holds when

1
s

a®+b’

and x, =b.

Proof. It follows from the inequality (2.1) that

c_a +b n o 7a5—|—b527 ;
e P R e

Consider a function

r br
)=+

L L V) DR
n

The function f(usl ) is continuous in the interval [a*, b*] and its derivative

r—s r—s

d o b =
& _rf n — ~Z(ul) (2.14)
dup, s{n—-2 n s
vanishes at
L) (2.15)
’ 2
The value of the second order derivative
r—s r—2s
2 — K K} s r—2s
d-f :KV—S n ,LL/—a +b —(,L/) o, (216)
dp” s s [(n—2 ’ n '
T4+b .
aty =2 is
Hy >
r—2s
df =5 2 [a+b) - 2.17)
du!’ & n—2 2
It follows from (2.17) that ,
d-f
e >0 forr>0
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and
d*f
du/2

S

<0Oforr<oO.

Therefore, for r > 0, the function f ( /"L; ) achieves its minimum when the value
of 1! is given by (2.15). Hence

r

- a’+b' ;.
2

This proves (2.12).
Likewise, for r < 0, the function f ( ui) achieves its maximum when the
value of 1/ is given by (2.15) and we conclude that

a +b"
2

N2
f(us)zn

r
s

a’+b'
2

C2la wb
() <217

Theorem 2.4. For0 <a <x. <b,i=1,2,...,n, we have

a +b _(@)r

2

2
=My ==

n

(2.18)

where 1 is a non zero real number.
For n = 2, the inequality (2.19) becomes equality. For n > 3, inequality
(2.19) is sharp, equality holds when

X, =aX,=X,=..=X_ =+ab andx =b.

1

Proof. It follows from the inequality (2.7) that

_ad +b n=2(M')~ .
M:_MOZ [ O] _Mo.

_l’_
n n | ab

Consider a function

r

r r o Mn E
gMy = L0 n 2[ 0] — M. (2.19)
n n | ab
The derivative
2r
sy [ M, }"2 1 (2.20)
dM, Jab
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vanishes at
M, =+Jab (2.21)

The value of the second derivative

2r
n—2

—(r—")|. (2.22)

d’g | n(r—14+2)( M,
=rM,
M, n—2 \(<ab

at M():\/Eis

Clearly,

2
8 50 for MO:\/E.
am,’?

Therefore, for r = 0, the function g(M,) attains its minimum at M, = «/ab and
we have

2
, —
g(us)zn

a +b _(@)]

2
This proves (2.18).

Theorem 2.5. For 0 <a <x, <bfori=1,2,...,n, we have

/ r r r r i *
L A L PP XA Y il (2.23)
<H/>/s a’'+b' |n a’ +b

where 1 is a positive real number and s is any non-zero real number such that
r>s.
For s < r < 0, the reverse inequality holds.
For n =2, the inequality (2.23) becomes equality. For n > 3, this inequality
is sharp; equality
L
a'+b" |

holds when x, = a,x, = x,= ...= X = |— ‘
a’+b’

n-1

and x_=b.
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Proof. It follows from inequality (2.1) that

(,UJ;VZ a’+br+[ nz]rss[lufas—i—b‘]%( 1>7’ (2.24)
e | e ) Gy

where r is a positive real number and s is a non zero real number such that r >
s. We now find the minimum value of the right side expression in (2.24) as !
varies over the interval [a%,b*].

Consider a function

h(p))= ar+br+[ 1 ]S[u’—awbs

' n n—2 ' n

r

1L 229
(w)

The function h( ,u; ) is continuous in the interval [a%, b%] and its derivative

r+s r—s
dh @ bD[ L) —at b d D (g0
du! sn ! n—2 a +b
vanishes at
, a'+b" n—2|ad +b =
= + 2.2
’ n n \a+b (2.27)

From (2.26), if r is a positive real number and s is any non zero real

. dh . ..
numbersuch that > s then the sign of changes from negative to positive

!

while p/ passes through the value givén by (2.27). The function h( /)
achieves its minimum at the value of ,u! given by (2.27). We therefore have,

s—r
s K
r—s

a +b"

() s N e e 2
(1)) @' +b"+(n=2)

2.28
> (2.28)

s

Combining (2.24), (2.25) and (2.28), the inequality (2.24) follows immediately.
dh

/

For s < r < 0, it follows from (2.26) that the sign of changes from
positive to negative while 1. passes through the value given bsy (2.27). In this

case function f( /) attains its maximum at the value of 4/ given by (2.27).
We therefore have,
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s—r
K

5
r—s

()<L b (n—g)| LD (2.29)
a’'+b' |n a’ +b'
On the other hand we conclude from theorem 2.1 that
/ r r Q K s %
N +[ . ] R 1 (2.30)
[/ n—2 : n 7
(1) (1)
Combining (2.25), (2.26) and (2.27), we find that for s < r < 0,
1 < a’+br+[ . ]rss /_ax+by o1
r= ) s et
(u!)s " " (k)
Theorem 2.6 For 0 < a < x, <bfori=1,2,...,n, we have
2
M| @Y 2.31)
Mo 12(ab)

where 1 is a non zero real number.

For n = 2, the inequality (2.31) becomes equality. For n > 3, the inequality
(2.31) is sharp; equality holds when .
a'+b" |

X, =& X, =X,=...=X_ = and x =b.
Proof. It follows from inequality (2.7) that
r r . n i
F(M,)=| 40 =2 Mo 1 (2.32)
2 n | ab M,

where 1 is a non zero real number. We now find the minimum value of the right
hand side expression in (2.33).
Consider a function

/ r r n n%
N i A A ECPY (2.33)
M; n n | ab M
The derivative
dF _ _2r |[Mj|"=2 _a'+b (2.34)
aMm, nM!*|| ab 2 |
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vanishes at
n—2

1 r r\
M, = (aby| 2 (2.35)

r changes
0
fromnegative to positive while M passes through the value given by (2.35).

The function f(M,) attains its minimum at the value of M given by (2.35). We
therefore have 5

From (2.34), if r is a non zero real number then the sign of

n

F(M,)>|2 +5 .
2(Vab)
Combining (2.32), (2.33) and (2.36), inequality (2.31) follows immediately.

(2.36)

3. SOME SPECIAL CASES

From the application point of view, it is of interest to know the bounds for
the first four moments and the bounds for standard power means (namely,
Arithmetic mean, (ul/ =X ), Geometric mean (G) and Harmonic mean (H)).
These bounds are also of fundamental interest in the theory of inequalities. By
assigning particular values to r and s, in the generalized inequalities obtained
in this paper, we can find inequalities connecting various power means and
moments. The following inequalities can be deduced easily from the generalized
inequalities given in Theorems 2.1 and 2.2:

2

a’ + b’ n a+b
1y > + 1 — ) 3.1
n n—2 n
at+b n—2Y abnH ’
> N , 3.2
Ho = n [ n ] abn(a+b)H] (3-2)
2
,_a+b n=2|G" |2
Hy 2 + — (3.3)
n |ab
b (n—2Y bnH
e +[” abntl | (3.4)
n n abn—(a+b)H
1
_algr |2
>t no2G (3.5)
n n |ab
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1
- n—2
G > (ab)" PR , (3.6)
Hﬁ ab
a+b n a-+b
> | (3.7)
3
3 b3 2 bZE
J2 T [y - (3.8)
at+bt n aer4
1y > . +[n_2 \u(— — | (3.9)
at+b! n az—+—b22
g > . n_zué— . (3.10)
and 4 4 3 s
(> :b +3ni2 /_4 :b : G.11)

The following lower bounds for the difference of moments and means are
deduced from the generalized inequalities given in Theorems 2.3 and 2.4:

1
o= =~ (b=a, (3.12)
b—a)’ 2ab
st 1 3.13
I z— +(a+b)2 (3.13)
2
-G > 8= (3.14)
n
2
W - . (b=a) (3.15)
n(a+b)
2
! GZM, (3.16)
n
2ab \ v 2 ( 2ab )
—H> b)" —
- =2y (3.18)
4 n
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3 3 2 2 %
R i —[“ 0 ] ‘ (3.19)
n 2 2
4 4 4
s 2 _[“+b] , (320)
n 2 2
20a* +0* (a*+b° ?
T LA L (321)
and /
4 4 3 3 43
PP A A e 8 (3.22)
n 2 2

The following lower bounds for the ratio of moments and means are deduced
from the generalized inequalities given in Theorems 2.5 and 2.6:

s (@’ +b")n , (3.23)
W @by 4 (- b))

/Ja_;,> (a2 —ab+b2)n2 (324)

/3 — 2,
iz [a+b+(n—2)\/a2—ab+b2}

Mg > \/;(d3+b3) , (325)
%32 [(a2+b2)3+(n—2)(a3+b3)2]/2
My n'(a' +b") : (3.26)
M @)’ + (- 2)a +b4)%}
Mo n(a' +b") , (3.27)
my' (@ +b°) +(n—2)a" +b*)
M Un(a* +b*) , (3.28)
,ugé [(a3—|—b3)4+(n—2)(a4—|—b4)3]%
w1, atb) (3.29)
H - 2| > \/E}
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2
W |atbl (3.30)
G ~|2ab
2
G a+b|
G , (3.31)
H ~|2Jab
2
(@4 (3.32)
G* | 2ab
and p ,
/ 2 2 2 3
%zi} % tn_2l. (3.33)
n a
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