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Present paper aims to focus on absolute mean graceful labeling in path union of various graphs. We
proved path union of graphs like tree, path P , cycle C,, complete bipartite graph K, grid graph P X
P, step grid graph St and double step grid graph DSt are absolute mean graceful graphs.

AMS subject classification (2010) : 05C78.

1. Introduction

Throughout present paper, we shall acknowledge G = (p,
), a finite, simple and undirected graph with V(G)-vertex
set having p vertices and E(G) -edge set having g edges. For
a graph G = (V, E), a function with domain Vor Eor VU
E is known as a graph labeling for G. Graceful labeling of a
graph G is popular concept firstly established by Alexander
Rosa [1]. The name graceful labeling was given by Solomon
Golomb [2] which was earlier familiar as (-valuation.
Kaneria, Makadia and Meghapara [3] proved graceful
labeling for grid related graph. Kaneria and Makadia [4]
prooved graceful labeling for double step grid graph. All
path graphs P, cycle C and complete bipartite graph K
were proved graceful graphs in the early researches in study
of graceful lageling. Kaneria and Chudasama [5] introduced
absolute mean graceful labeling and proved that it holds true
for this new labeling. Current paper is to study the same
labeling for path union of finite number of copies of above
mentioned graphs and enhances wide scope of operations
on such graphs consisting absolute mean graceful labeling.
For comprehensive learning of graph labeling, we refereed
Gallian [6].

Take path P, P, P, ..., P,, P, and put them vertically.
A graph made by joining horizontal vertices of paths P, P,
P P,, P, is defined as step grid graph and denoted by Sz,

PEERNE

n > 3. It is obvious that |V(St”)|zz(n2 +3n—2) and

|E(St) | = n + n— 2. Similarly, by arranging P, P, ..., P,
P,P .., P, P, and then joining vertices horizontally, we
get double step grid graph DSz . A function fis said to be an
absolute mean graceful labeling of a graph G, if f: V(G) — {0,

+1, £2, ..., £|E]} is injective and edge labeling function #*
|f ()= f(v)
2

is bijective, V ¢ = (4 v) € E(G). A graph which admits
such labeling is called absolute mean graceful graph. In the

: E(G) — {15 2; u:1; E} defined as f*(e) =

previous work of this labeling, many graphs has been proved
as absolute mean graceful graphs such as all path graph P,
cycle graph C, complete bipartite graph K . grid graph
P x P, step grid graph St and double step grid graph DSt .
For a graph G, if G, G,,..., G, (t > 2) are ¢ copies of G,
then graph made by adding an edge from G, to G, (for
i=1,2, .. t—1) is said to be path union of G which is
denoted as A(G,, G,...., G) or P(+-G).

2. Main Results

Theorem I : Every P(z - P) is absolute mean graceful graph.

Proof: Let P be absolute mean graceful graph having p and
g numbers of vertices and edges respectively. So that p = 7
andg=n-1.

Since P is absolute mean graceful graph proved by
Kaneria and Chudasama [5], there exists absolute mean
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graceful labeling f: V(P) —{0, 1, &2, ..., & |E|} and
edge labeling function f*: : £(P) — {1, 2, ..., |E]} defined as

TR >'

|/ ()= f (v
2
respectively, V e = (u, v) € E(P).
Let v, v, 5 0 be vertices of P(# - ) made up
with  copies of path graph P by joining v, and v

, which are injective and bijective

i+l, &
(—1)'(;‘—1)”, Vi=1,2,..,tand
g(v.,)= (17" [l

z]l

| +1)

Which is an injective function for vertex labeling of (2 P).
It is easy to check that an induced edge labeling function
£"% defined as per the definition of absolute mean graceful
labeling is bijective. Therefore, P(z - P) is absolute mean
graceful graph.

Theorem II : Every P(z - C), for n - an even number is
absolute mean graceful graph.

Proof : Let C, for 7 - an even number is absolute mean
graceful graph having p and ¢ number of vertices and edges
respectively. So that p = zand g = n.

Since C is absolute mean graceful graph proved by
Kaneria and Chudasama [5], let VC) — {0, £1, 42, ..., &
|£]} and f*: EC) —{1,2,., |£]} be vertex and edge labelings.

f(Uj)’ i=1and ¥j=1,
g(vi,j): ( 1)]“ g(vi—l,j) } :_;ii’ 25,’ .7.’.,';';,
(—I)J[ Uflj)‘+q+l], :]1212:2%:6’,”’

Case IT: When 2 is an odd number
2

f(vj)’ Vi=2,3,...,t
‘+q+1} Vi=12 ...,n

g(vi’j) = (7 1)/‘+1

/1]

Which is an injective vertex labeling function for P(#C).
It is easy to check that edge labeling function g* is bijective.
Therefore, P(#C) is an absolute mean graceful graph.

Illustration 1. Absolute mean graceful labeling in path
union of 4 copies of cycle C..

Theorem III : Every P(t-[(m! ) is absolute mean graceful
graph.

Proof : Let K be absolute mean graceful graph with p
and g number of vertices and edges. So that p = m + n and
q = mn.

1
where £ =2 *

} . Here v _denotes j* vertex of i copy of
ij

PinP(t-P),Vi=1,2,..tandVj=1,2, .., n So that
P’=|UPt-P))|=1tgand Q' = |[E(P(z- P))| = t(g+1) — 1.

Let us define vertex labeling function g: V(P(z - P)) — {0,
+1,4+2, ..., £ Q}as:

Jj=1

Vi=12,..,5VY/=2,3,...,n

Let V(Cn) = {UI’ 7N u} Let V(P(z - C)) = {”11’ U,y ees
v, 3 be vertex set of path union graph G made up with zcopies
n+2

of cycle graph C by joining u, and u_ ,, where k=

,Vi=1,2,..,¢t—1, where u, denotes j* vertex of " copy
of C inG,Vi=12,.,tandVj=1,2, .., n So that
= [V(P(+C))| = mand Q' = |E(P(+C))| = f(n+1) - 1.

Let us define vertex labeling function g : V(G) — {0,
+1,£2, ..., Q% as:

n .
Case I: When E 1S an even number

2, ...,m
t—lort
t—1lort

Since K is absolute mean graceful graph proved by
Kaneria and Chudasama [5], there exists absolute mean
graceful labeling /" VK, ) — {0, £1, £2, ..., =4} and an
edge labeling function f* E(K L) — L2, |E1} which are
injective and bijective respectively.

Let V(Km D = dup uy s ut Udu, u, .., ut. Let
V(P(t-Km N =MUN= {ui, Wy e ul_']} U {uij p U e U 2
be vertex set of path union graph P(z - K ) made up with 7

copies of complete bipartite graph K o by joining
m+1

(1) vertex u, , where k= [ and vertex ,  , if

m is an even number;
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Figure 1. Absolute mean graceful labeling for path union of 4 copies of cycle C_ with |V(G)| = 24 and |E(G)| = 27.

m—+1

and vertex u,

(2) vertex u,_,, where £ :[ 1P

where [ = Vle—W , if m is an odd number. Which

holdsforVi=1,2,..,t—1.

Itisobviousthat«, .and %, denotesj"and k" verticesof Mand Npartsini"copyof K inP(+K ),Vi=1,2,..,Vj=1,2,...,mand

Vk=1,2,...,n.Clearly, P’=|V(P(¢- K, ))| = #m+ n)and Q'=
G Kmvr) — 0. ﬂu]jjz T HYEY =12, m

g(”x:f) =

g(”u) =

flv), i=landV k=12, .., n
g(v)—g—1 Vi=2,3 ..,V k=12,

Which gives an injective vertex labeling of P(z - K, D Itis
easy to verify that an edge labeling function g* is bijective
function. Therefore, P(¢ - K ) is an absolute mean graceful

graph. o

Illustration 2: Absolute mean graceful labeling in 5 copies
of K, .

glu ) +a+1, Vi=2,3.,6Vj=12 ..

|E(P(t- K )= tmn+ t—1. Letus define vertex labeling function g:

m,n

Theorem IV : Every P(¢- P, X P) is absolute mean graceful
graph.

" "Proof : Let P x P be absolute mean graceful graph with

p and g number of vertices and edges respectively. So that
p=mnand q=2mn—m-—n.

Since P X P is absolute mean graceful graph proved by
Kaneria and Chudasama [5], let f*: V(P x P) — {0, 1, £2,
o Tgtand f*: E(P < P) — {1, 2, ..., g} be vertex labeling
injective and edge labeling bijective functions respectively.

Let “ be vertices ome X P, Vi=1,2,...mV k=
1,2, .., n Letu,  betheu  located vertex of i copy of P,

Figure 2. Absolute mean graceful labeling for 5 copies of K with [V(G)| = 35 and |E(G)| = 64.
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X P of P(t- P x P )which is made up with 7 copies of grid
graph P xP, by joining

(1) vertexu,  andvertexu, . ifqisan odd numberor

which holds|true for Vi=1,2, f,(t}— 1); Y j =1 pnd W ’?)e’—z 152,72, n. It is obvious that P’ =

apd) Qs |HP(ex P, x P))| = t [2mn—m — Wk -

g(vl]/? =1, 2,

V/e—l 2, ceos

Which gives an injective vertex labeling for P(#- P x P) to
verify that edge labeling function g* is bijective. Therefore,
P(t- P x P) is an absolute mean graceful graph.

Theorem V': Every P(¢ - St) is absolute mean graceful graph.
Proof: Let Sz, be absolute mean graceful graph with p
and g number of vertices and edges respectively. So that

2
:M andq:n2+n_2,

Since St is absolute mean graceful graph proved by
Kaneria and Chudasama [5], let /- W(St) — {0, =1, &2, ...,
+q}and f*: E(St) — {1, 2, ..., g} be injective vertex labeling
and bijective edge labeling functions respectively.

g(”w: k) =

Which is an injective function for vertex labeling of G. It is
clear that induced edge labeling function ¢g* can be defined as
per the definition of absolute mean graceful labeling which
is bijective. Therefore, P(¢x St ) holds absolute mean graceful
labeling and hence it is absolute mean graceful graph.

Illustration 3. Absolute mean graceful labeling in path
union of 3 copies of step grid graph Sz .

Theorem VI : Every P(¢ - DSt) is absolute mean graceful
graph.

Proof : Let DSt, be absolute mean graceful graph with p
and ¢ are number of vertices and edges respectively. So that
n n* +3n—2
=—(n+6) and g=—"—
p=7(n+6) and ¢ 5

Since DSt is absolute mean graceful graph proved
by Kaneria and Chudasama [5], let f: V(DSz) — {0, &1,

DeF)ne gr £ %abbkeb H@_ 15/(10((7 _Mﬂ Py z-t{Q %1, 3‘;2

f(vj,k)’ i=land Vj, k=12, ..,n

g(vl.fl,j’,e>+q+l, ifg(viijj’,)zo, Vi=2,3,...,¢8
Vi k=12 ..,n

g(vl.flyjy,)—q—l, ifg(vi,l,j,,e)<0, Vi=2,3,..¢
Vi k=12 ..,n

and vertex

. et Lomal? if ¢ is an even

(2) vertex u,
number,

|[V(P(¢- P x P))| = tmn

Letu,, (1 < £ < n) be vertices in first row, u,, 1<k
u, , (2 < k< n)bevertices in
third row, ", (—1 < k< n) bevertices in /" rowand u_, (n

< n) be vertices in second row,

—1 < /< n) be vertices in #" row. Let " be "\~ located

vertex of /™ copy of Sz, of G which is made up with 7 copies
of St by joining verticesu,, jandu, t-1;Vj=1,2, ..,

Yk =12, .. n Sothat P = |(G)| :%(nz —|—3n—2) and
=|EG)| =t +n-1)-1.
Let us define vertex labeling function g : V(P(rx St )) —
{0, +1,+2, ..., =Q’} as:

+2,..., £qtand f*: E(DSt) — {1, 2, ...,

labeling and bijective edge labeling functions respectively.

4} be injective vertex

We mention each vertices of first row are like u , (1

< k < n), second row like #, , (1 < % < n), third row like
u, , (1 < E<n-=2) andfourthhkev L1 < k< n 4).
n+2

Similarly, last row is like u,, (1< k< 2), where [ =

Letu, be u, , located vertex of i copy of DSz, of P(+-DSt)
Wthh 1s made up with 7 COplCS of DSt by joining vertices

u. and U where [ = " andV i=1,2,..,¢t 1.1t

is obvious that P = |V(P(+DSt )| = %n (n+6)and Q =
2

\E(P(+-DSt )| = t[” ;’3’”]—1.

Let us define vertex labeling function g : V(P(#-DSt,))

—1{0,£1, £2, ..., £Q}and Vj=1,2, .., nt2
Vk=1,2,..,n

and
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Figure 3. Absolute mean graceful labeling for path union of 3 copies of step grid graph Sz with |V(7)| = 13 and |E(G)| =

f(vj’,e), i=1

g(U/—l,j,k>7qfl’ lfg(U, Lj, /e>§ 2,3, ..., 8
g(UL/’k): —q-1 lfg(vz L, /e>: , b
g+1 ifg(v,,,,)=-1Yi=23,
(v )atl ifglv,)>2Vi=23

Which is an injective function for vertex labeling of
P(#DSt). Tt is clear that induced edge labeling function
£* can be defined as per the definition of absolute mean
graceful labeling which is bijective function. Therefore,
P(-DSt) holds absolute mean graceful labeling and hence
it is absolute mean graceful graph.

Theorem VII : Every P(rxT)is absolute mean graceful
graph, where 7 consists absolute mean graceful labeling,.

Proof: Let 7'be absolute mean graceful tree with p = |V(7)
and g = |E(T)|. It is clear that g = p — 1.

Since 7 is absolute mean graceful tree, there exists
absolute mean graceful labeling /: V(7) — {0, £1, £2,

f(Uj), i=landVj=12,...p
9

g(”m’): g(“f—w)’
Vi=12,..,p

Vi=12,..,p.

Which is an injective function for vertex labeling of P(¢x 7).
It is clear that induced edge labeling function g* can be
defined as per definition of absolute mean graceful labeling

gl )+a+1 ifglv.,,)>0 Vi=23, ..

., tq} which is an injective function and the induced

edge labeling function f*: E(7) — {1, 2, ..., ¢} defined as

et |F=r )

is bijective for every edge ¢ = (u,

2
v) € E(T).
Let (T) = {u, u, ,..., up}. Let U)o U gs s Uy be vertices
of path union graph P(#x 7) made up with # copies of tree
graph 7 by joining u, and N forVi=1,2,...,t—1

andVj=1,2,..,p, where “, denotes " vertex ofz copy
of T'in P(txT). So that P’ = |V(P(txT))| = tp and Q" =
|E(P(#x T))| = #p — 1. By defining vertex labeling function
g V(P(tx 1)) — {0, £1, £2, ..., £Q} as:

~1, ifglv.,)<0, Vi=2,3 .5

7t;

which is bijective. Hence, P(rx7) holds absolute mean
graceful labeling it is absolute mean graceful graph.
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Illustration 4. Absolute mean graceful labeling in path union of 3 copies of tree 7.

Figure 4. Absolute mean graceful labeling for path union of 3 copies of tree 7'with |V(7)| = 17 and |E(G)| = 16.

References

(1]

(2]

A. Rosa, On Certain Valuation of Graph Theory of
Graphs (Rome July 1966), Goden and Breach, N. Y. and
Paris, 1967, pp. 349355.

S. W. Golomb, How to number a graph, in Graph
Theory and Computing (R. C. Read. Ed.) Academic
Press. New York, (1972), 2337.

V. J. Kaneria, H. M. Makadia and Meera Meghapara,
Graceful labeling for grid related graphs, Int. J. of
Mathematics and soft computing, Vol. 5, No. 1 (2015),
111117.

(4]

(5]

(6]

V. J. Kaneria and H. M. Makadia, Graceful Labeling
for Double Step Grid Graph, /nt. J. of Mathematics and
its applications, Volume 3, Issue 1 (2015), 33-38.

V. J. Kaneria and H. P. Chudasama, Absolute mean
graceful labeling in various graphs, Int. J. of Mathematics
and its applications, Vol. 5, No. 4-E (2017), 723726.
J. A. Gallian, A dynamic survey of graph labeling, 7he
Electronic Journal of Combinatorics, 18(2011) DS6.

ISSN No.: 2278-9561 (Print) ISSN No.: 2278-957X (Online) Registration No. : CHAENG/2013/49583



