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Abstract Letfbe a complex valued function on [0, 2], A ={f || T, f —

fll.= 0(|6|)}, A: = {f N f = fl= 0(|5|>} and the multiplier class,
(L=, A)={feL(0,2m]"): fxg€ A, ,Vge L*(0,2x]"}, where
§=1(6,,6,5.,0,),T, f(x) = f(x+6),Vx, § €[0,27]". Here, we have

characterized the class Ajas A} = (L*,A,).
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1. INTRODUCTION

The concept of generalized bounded variations, Lipschitz condition,
absolute continuity, etc., are generalized to integral setting as well
as from one variable to several variables to obtain various classes of
functions which are of interest in Functional Analysis as well as in Fourier
analysis (Avdispahic, 1986; James Caveny, 1970; De Leeuw, 1961; Ghorpade
and Limaye, 2010; Vyas and Darji, 2012). Lipschitz conditions and integrated
Lipschitz conditions for single variable functions as well as for several
variables functions give classes which are important for the discussion of
the convergence, uniform convergence and absolute convergence of single
Fourier series as well as of multiple Fourier series respectively. Objective of  Mathematical Journal of
the paper is to obtain some relationship between the Lipschitz classes and the Interdisciplinary Sciences

integrated Lipschitz classes of functions of several variables. Se;tlleﬁtz)éer% 113’
First, recall some standard notations for the function classes of interest. pp. 95-98

2. NOTATIONS AND DEFINITIONS

In the sequel, fis a complex valued function of N-variables defined over =~ CHITKARA =l
UNIVERSITY

[0, 2x]Y, /WhiCh is 2m-periodic in each variable, &= (6,.....0y),[ 6], = ©2013 by Chitkara
( zl'\;l ’6[ |q) K <1 <g< OO) and University. ?Qlisf;i\g,z(tf




Vya& R.G. (Ahf)(x) = (Tzh)f - f)(X)

1
=Y .. DD A by Xy by xy F k) o (21)

=0 NIN=0

where (T /)(x) = f(x + h) for all x = (x, x,, ... x), h=(h, h,, ..., h) €
[0, 27]Y.
For any / and § define 2 <§ if and only if 2, <¢foralli=1to N.
L'([0,27]"), is the space of complex valued Lebesgue integrable functions
96 over [0, 2w]¥ which are 2w periodic in each variables and L ([0, 27]") con-
sists of the L' ([0, 27]") functions which are essentially bounded. | .||, and ||. ||,
denote the norms in the spaces L' ([0, 27]") and L* ([0, 2x]" ) respectively.

Al([o,zﬂ]”)_{fgﬁ([o,zw]”):os’ffs(s|Thf—f|m—0(|6|z)}-
A:([O,Zw]N>—{st'([O,ZW]N>:0<S;:<5||Thf—f|l_0(|5|z)}~
L,-p([o,zw]N):{fsyc([o,zw]) 0<h<b)7/ - f||—0(|5|)}
Ll-p'([o,zﬁ]”){fgﬁ([o,zﬂr):ogsffgnnf—fnl0(||6||1>}-
A<[027r]):{ “(jo.2a]' ):0<n IAfI—(Iléllz)}-
L, (l02e] )= {e2 (0207 ss|Af||—0<|6|)}
Lip), (fo.2n]" { (02" ):0<h <687 ] =0 (||6|L)}~
Lip,, ([0.27]") = tse Lip,, ([0.27]" ):

sup

h, €(0,611| Ac,...,0.n,.,0,..00f | 0 = 0(6 ), Vi=1to N}
Lip!, ([0.25]") = £ eLip), ([0.2]"):
h €(0,61]| Aw.....0.n.0...0f =008 D, Vi=TwoN

For any f, g € L' ([0,27]") their convolution product f * g is the L'([0, 27]Y)
function defined (Vyas, 2013) as

(f*g)(x)= o Sx=0s@at, vx €[0,27]".

(2)
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In general the multiplier class is defined as A Note On A

Multiplier Class
(L>[0, 27V, E) = {f € L'([0, 27]") : f * g € E for all g € L>([0, 27]")},
for E=A,([0,27]"), or E = Lip ([0, 2%]"), or E = Lip,, ([0, 27]Y), or
E=Lip, ([0, 27]V).
Here, we prove the following results for functions of several variables.
Theorem 2.1. A!([0,27]") = (L*([0,27]" ), A, ([0,27]")). 97

Theorem 2.2. Lip'([0,27]") = (L™ ([0,27]"), Lip([0,27]")).
Theorem 2.3. Lip.,, ([0,27]") = (L*([0,27]"), Lip.,,([0,27]")).

For the simplicity of proof, we will prove all these results for N = 2.

Proof of the Theorem 2.1. For any f € A([0,27]"),g € L*([0,27]") and
X,y €([0,27]°), we have

|(f % @)(x)—(f * &)Y

1
<
- (27r)2 j;o,zﬂ]z

lgll
< U5 ko
- (271-)2 ﬁo,zwf

Now suppose that f € (L*([0,27]),A,([0,27])) The Lipschitz class
A,([0,27T*) is a Banach space with respect to the norm

h(y) —h(x)|
hll=lh©,00+ %P |—
Il looj+, 2, o B

fx—0—fy—1)||g®)|dt

fx=0—f(y—vldt=0(| x—y|},).

Define the map
T:L*([0,27]) — A, ([0,27]*) as T(g)= f*g, g € L*([0,27]")
To prove that T is continuous it is enough to show that the graph of T is closed.
Consider g — g in L*([0, 271Y) and T(g)— hin Al([0,27r]2) then for
any fixed x € ([0,27]*), we have
(T()(X) = h(0)|<[(f * £) (%) = (f * 8,0 +|(T(8,)()~h(x)|
<Isllg, — gl +1T) =R
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Vyas, R. G. Hence, T (g) = h implies T is continuous and

ITIKIT I &l Vg € L*([0,27F), where || T || is a constant
Thus, for any X,y € ([0,27]*), we have

| 1
2r)’

S, 0= fy = g0a T g L x =y

) = el B x=0=(y=0))

In the above inequality for g(t ,» we have

1
(2r)* t.f[0,27r]2

This completes the proof.

98

fx=0—fly—v|dt < T[[x—yl,.

Similarly, we can prove the Theorem 2.2.

By using the fact that; Lip,,,([0,27]) is a Banach space with respect to
the norm

h(x,,x,) = h(y,.%,) = h(x;,y,) + h(3,.y,)|
hll=lh 0.0)| + sup | 1272 1°72 1202 1202
|| H | ( )| X’ye[o’zﬂ]z |yl_xl|+|y2_x2|

sup |h(x1,x2)—h(yl,x2)| sup |h(x1’x2)_h(x1’)’2)|
x,y€[0,2m [y, — x| x,y€l02m? v, — x|

where x = (x,, x,) and y = (y,, y,).

Similarly one can prove the Theorem 2.3.
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