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Abstract A porous medium is an elastic solid permeated by an
interconnected network of pores filled with a fluid. Both solid and pore
network are assumed to be continuous so as to form two interpenetrating
continua. The theory of poroelasticity investigates the time-dependent
coupling between the deformation of the elastic solid skeleton and fluid
flow within the skeleton. The solid-to-fluid and fluid-to-solid couplings are
assumed to occur instantaneously in the quasi-static approximation in which
elastic wave propagation is ignored. Consolidation of a poroelastic body
takes place when it is acted upon by surface loads. The study of consolidation
of a poroelastic half-space or stratum has received much attention due to its
geophysical and engineering applications. The aim of the present paper is to
review recent work on the subject, indicating the assumptions made, methods
used and conclusions drawn.

Keywords: anisotropic permeability; consolidation; half-space; multi-layered;
plane strain; poroelastic; quasi-static; surface loads.

1. INTRODUCTION

he earliest theory to account for the influence of pore fluid on the quasi-

I static deformation of soils was developed by Terzaghi (1923), who
proposed a model of one-dimensional consolidation. Biot (1941) was

the first to develop the three-dimensional theory of poroelasticity. Subsequently,
Biot (1955, 1956 a,b) extended his theory to consider the effect of anisotropy
and wave propagation in fluid-filled porous media. Rice and Cleary (1976)
reformulated Biot’s linear constitutive equations and replaced the new elastic
constants introduced by Biot with more familiar constants (Poisson’s ratio
and bulk modulus) evaluated in both the drained and the undrained states.
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They solved a number of geophysical problems, including that of a suddenly
introduced edge dislocation, concentrated line force and suddenly pressurized
cylindrical and spherical cavities. Biot’s theory has been used very extensively
for studying the consolidation of a poroelastic medium.

McNamee and Gibson (1960a) have shown that the task of determining
the displacements and stresses in a poroelastic medium could be facilitated
by the introduction of two displacement functions. Using these functions,
McNamee and Gibson (1960b) solved plane strain and axially-symmetric
consolidation problems of a semi-infinite clay stratum having incompressible
fluid and solid constituents with isotropic permeability. Two problems of a
semi-infinite body to the surface of which a uniform pressure is applied along
an infinite strip or over a circular area were solved. Schiffman and Fungaroli
(1965) extended the displacement function formulation to non-axisymmetric
problems. They studied consolidation of a semi-infinite solid subjected to a
uniform tangential load at a pervious and an impervious surface using three
displacement functions.

Bell and Nur (1978) used two-dimensional half-space models with surface
loading to study the change produced by reservoir-induced pore pressure and
stresses for thrust, normal and strike-slip faults. Normally the elastic stresses
and pore pressure influence each other in a porous medium. However, they
simplified the analysis by assuming that only stresses influence the pore pressure
and not vice-versa. Booker and Randolph (1984) discussed the consolidation of
a poroelastic half-space with cross-anisotropic deformation and flow properties
using integral transforms. They studied the effect of circular and rectangular
loading numerically. The stress and pore pressure changes produced by a
steady periodic variation of water level on the surface of a uniform porous
elastic half-space were evaluated by Roeloffs (1988), using coupled Biot
equations of elastic deformation and pore fluid flow. Yue and Selvadurai (1995)
examined the axisymmetric interaction between a rigid, circular, flat indentor
and a poroelastic half-space. Three drainage conditions (completely drained,
partially drained or completely undrained) at the surface of the poroelastic
half-space were considered. Kalpna and Chander (1997) obtained stresses
and pore pressure for an impervious elastic layer resting on a water-saturated
porous elastic half-space when the upper surface of the layer is acted upon
by a normal stress field varying harmonically in time. In a subsequent study,
Kalpna and Chander (2000) calculated stresses and pore pressure in a porous
elastic half-space for a time-varying finite reservoir surface load using Green’s
function approach.

Mei et al. (2004) presented a finite layer procedure for Biot’s consolidation
analysis of layered soil using a cross-anisotropic elastic constitutive model.
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Both fluid and solid constituents were assumed to be incompressible.
The immediate settlement, the final settlement and consolidation behaviour
of a square footing were studied. Chen (2005) discussed the steady-state
response of a multilayered poroelastic half-space to a point sink. Both the
permeability and the poroelasticity of the medium were assumed to be
transversely isotropic, but its fluid and solid constituents were assumed to
be incompressible. Chen et al. (2005a) studied axisymmetric consolidation
of a semi-infinite, transversely isotropic saturated soil subjected to a uniform
circular loading at the ground surface.

Singh and Rani (2006) solved two-dimensional plane strain problem of the
quasi-static deformation of a multi-layered poroelastic half-space by surface
loads. The stresses and pore pressure were taken as basic state variables. Both
fluid and solid constituents were assumed to be compressible with isotropic
permeability. Conte (2006) presented the analysis of coupled consolidation in
unsaturated soil under the condition of plane strain as well as axial symmetry due
to strip and circular loads. Fourier transform method for plane strain and Hankel
transform method for axially-symmetric problem have been employed. Singh
et al. (2007) discussed the quasi-static plane strain deformation of a poroelastic
half-space with anisotropic permeability and compressible constituents by
two-dimensional surface loads. An analytical solution was obtained by using
a pure compliance formulation. Biot’s stress function was used to decouple
the governing equations. The problem of normal strip loading was discussed
in detail. In a subsequent study, Singh et al. (2009) investigated the problem of
the consolidation of a poroelastic half-space with anisotropic permeability and
compressible fluid and solid constituents by axisymmetric surface loads.

Ai et al. (2008) solved Biot’s three-dimensional consolidation problem
for a saturated poroelastic multi-layered soil due to loading at an arbitrary
interface in the Cartesian coordinate system using transfer matrix method.
The corresponding problem of circular loading has been discussed by Ai et al.
(2010a). Subsequently, Ai et al. (2010b) presented transfer matrix solutions
to study the axisymmetric and non-axisymmetric consolidation of a multi-
layered soil under arbitrary loading. However, in all the above three studies,
the medium is assumed to be incompressible and permeability isotropic.

The assumption of modeling the medium as a half-space is applicable
only to consolidation problems where the thickness of the soil stratum is
much greater than the dimensions of the loaded area. In other cases, it is
necessary to model the poroelastic medium as a finite layer. Gibson et al.
(1970) obtained the solution for consolidation of a uniform clay layer resting
on a smooth-rigid base subjected to circular or strip loading. Booker (1974)
presented a solution to the problem of the consolidation of a uniform clay
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layer subjected to general normal surface loading with the assumption that
the lower surface of the strip adheres completely to a rigid base. Solutions
for the case of uniformly loaded strip, circle and square were evaluated for
a variety of Poisson’s ratio. However, it was assumed that the solid and fluid
constituents were incompressible and permeability isotropic. Booker and
Small (1987) presented a method for obtaining the consolidation of a layered
soil subjected to strip, circular, or rectangular surface loading, or subjected
to fluid withdrawal due to pumping by using direct numerical inversion of
Laplace transforms.

Using Biot’s theory of poroelasticity, Yue et al. (1994) presented an
analytical investigation of the quasi-static development of excess pore pressure
in a poroelastic seabed layer. The layer was modelled as a poroelastic medium
of finite thickness, saturated with a compressible pore fluid and resting on
a rough-rigid impermeable base. In a subsequent study, Selvadurai and Yue
(1994) examined the axisymmetric contact problem related to the indentation
of a fluid-saturated poroelastic layer resting on a rigid impermeable base
due to circular foundation. Conte (1998) presented a numerical procedure
to analyze consolidation problem involving anisotropic layered soils which
contain incompressible as well as compressible pore fluid caused by surface
loading.

Chen et al. (2005b) presented a semi-analytical solution to axisymmetric
consolidation of a transversely isotropic soil layer resting on arough impervious
base and subjected to a uniform circular pressure at the surface. The medium
was assumed to be transversely isotropic in its elastic and hydraulic properties.
However, in numerical computations, only the effect of the elastic anisotropy
was studied. An analytical solution for the consolidation of a soil layer subjected
to vertical point loading was presented by Chen et al. (2007). The medium was
assumed to have incompressible fluid and solid constituents with isotropic
permeability. The axisymmetric consolidation problem of a finite soil layer has
been studied by Ai and Wang (2008). A solution for plane strain consolidation
of a soil layer with anisotropic permeability and incompressible fluid and solid
constituents due to surface loads was obtained by Ai and Wu (2009). Rani
et al. (2011) obtained the corresponding axisymmetric solution when the fluid
and solid constituents are compressible.

Closed-form solutions for the steady-state distribution of displacement,
pore-pressure and stress around a point sink have been obtained by Booker
and Carter (1986). These solutions have been obtained for the long-term
settlement caused by withdrawal of fluid from a point sink at finite depth
below the surface of a homogeneous isotropic porous elastic half-space with
isotropic permeability. Booker and Carter (1987a) presented a solution for the
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transient effect of pumping fluid from a point sink embedded in a saturated,
porous, elastic half-space. They assumed that the medium is homogeneous
and isotropic with respect to its elastic properties, anisotropic with respect
to flow of the pore fluid which was considered to be incompressible. The
corresponding problem of withdrawal of a compressible pore fluid from a
point sink in an isotropic elastic half-space with anisotropic permeability has
been discussed by Booker and Carter (1987b).

Tarn and Lu (1991) presented analytical solutions of the long-term
consolidation and excess pore water pressure due to fluid withdrawal from
a saturated porous elastic half-space. In their analysis, both permeability
and elastic properties were considered to be cross-anisotropic. Chau
(1996) obtained fundamental solutions for the interior fluid point source
and point forces embedded in a poroelastic half-space with incompressible
constituents and isotropic permeability. Ganbe and Kurashige (2000) obtained
fundamental solutions for an elastically isotropic poroelastic solid having
transversely isotropic permeability due to instantaneous fluid point source and
instantaneous point force by using Laplace-Fourier transform method. Taguchi
and Kurashige (2002) obtained fundamental solutions for point forces acting
on three orthogonal directions and an instantaneous fluid point source in a
fluid-saturated, porous, infinite solid of transversely isotropic elasticity and
permeability. These solutions are in explicit form but quite lengthy.

Wang and Kuumpel (2003) presented a numerical scheme to compute
poroelastic solutions for excess pore pressure and displacements in a
multi-layered half-space using mirror-image technique and an extension
of Haskell’s propagator method. Using propagator matrix technique, Chen
(2003) presented analytical solutions for the steady-state response of a multi-
layered poroelastic half-space subjected to pumping. Chen and Gallipoli
(2004) derived an analytical solution for the steady state infiltration from a
buried point source into a heterogeneous cross-anisotropic unsaturated half-
space. Lu and Hanyga (2005) obtained fundamental solution for a layered
porous half-space subjected to a vertical point force or a point source. Singh
and Rani (2007) formulated the two-dimensional plane strain problem of
the quasi-static deformation of a multi-layered poroelastic half-space with
compressible constituents by internal sources. Pure compliance approach
is used to formulate the problem. The integral expressions for the surface
displacement and fluid flux are obtained for a vertical line force, a horizontal
line force and a fluid injection line source using propagator matrix approach.

Further references to studies on the application of Biot’s theory of
poroelasticity to consolidation problems can be found in Detournay and Cheng
(1993), Wang (2000), Rudnicki (2001) and Singh (2005).
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2. CONSTITUTIVE EQUATIONS

The four basic variables of poroelasticity are: stress, strain, pore pressure and
increment of fluid content. Stress and strain are symmetric second-order tensors
and, therefore, can be represented by six independent components each. Pore
pressure and increment of fluid content are scalar quantities. Thus, there are
fourteen variables in all:

oij = gji (six independent components of stress),
€, =€, (six independent components of strain),
p (increase in pore fluid pressure), and

€ (increment of fluid content).

We may take € € as the seven independent variables and G, p as the
seven dependent variables, or, vice-versa. Biot’s constitutive equations consist
of a set of seven linear homogeneous equations expressing the seven dependent
variables in terms of the seven independent variables. Four poroelastic
constants occur in the seven constitutive equations for an isotropic poroelastic
material. The set of constitutive equations in which the stress is considered as
a dependent variable is called the stiffness formulation. In contrast, the set of
constitutive equations in which the strain is considered as a dependent variable
is called the compliance formulation.

In the compliance formulation, the constitutive equations for an isotropic
poroelastic body can be expressed in the form (Wang, 2000)

E_LO'— v o 6—I—ﬂa6
i TG0 T Ty T T, Po;

) 2.1)

where G is the shear modulus, v the drained Poisson’s ratio, o the Biot-Willis
coefficient and 6ij the Kronecker delta. Further,

ng[gﬂ]+ip’ (2.2)

where K is the drained bulk modulus and B the Skempton’s constant. Equations
(2.1) and (2.2) constitute the complete set of seven constitutive equations in
the compliance formulation. Four poroelastic constants (e.g. G, v, a, B) are
needed for the complete characterization of the poroelastic material (K can be
expressed in terms of G and v).

Equations (2.1) and (2.2) can be inverted to obtain the constitutive equations
in the stiffness formulation. We find
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v B(1+v
0y =2G|€; +———€,, 9 —(_—")@ﬁ , (2.3)
1—2v, 3(1—2v,)
{:u@m+§%p (2.4)

where v, is the undrained Poisson’s ratio and K, the undrained bulk modulus
defined by the relations

- 3v+aB(1-2v)
Y 3—aBl-2v)’

20 +v,)G
Y312y,

We can take (G, v, v, B) as the four independent poroelastic constants
instead of (G, v, o, B). Detournay and Cheng (1993) chose (G, v, v, B) as the
four independent poroelastic constants. In fact, any four of the seven constants
(G, v, v, K, K, o, B) can be chosen as the four independent poroelastic
constants and the remaining three constants can be expressed in terms of these
four constants. Some useful relations among various poroelastic constants are
given by Singh (2005). For incompressible solid constituents of the poroelastic
material, o = 1 (Detournay & Cheng, 1993; Wang, 2000). For incompressible
solid and fluid constituents of the poroelastic material, =1, v =0.5.

Putting the value of { from (2.4) into equation (2.3), we obtain

o.=2G v

1

)

mm ij

€; + € — OLp(Sij. (2.5)

Similarly, from equations (2.1) and (2.2), we obtain

1%

u

1+v

1
€, =—
' 2G

Oy — O-mm(sij

1
+3 B, 2.6)

u

The importance of poroelastic coupling in a physical situation depends upon
the rate of pore fluid flow relative to the change in the stress conditions. The
drained and undrained cases are the limiting cases of the slow and fast loading,
respectively. Relatively slow loading leaves the pore pressure unchanged in
the control volume because fluid flow has adequate time to equilibrate with
an external boundary. In contrast, little fluid flows into or out of the control
volume if the loading is rapid.
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3. FIELD EQUATIONS

For a fluid-saturated poroelastic medium, there are eleven unknown field
variables: six stress components (6ij = (Sji), three displacement components (u,),
pore pressure (p) and increment of fluid content (§). The eleven field variables
are to be determined by solving eleven field equations: three equilibrium
equations, one fluid diffusion equation, six constitutive equations for stress
and one constitutive equation for pore pressure. The fluid diffusion equation is
obtained by combining Darcy’s law of fluid flow with the equation of continuity
and involves first time-derivative of stress. Consequently, the solution is time-
dependent. Since we are considering equilibrium equations rather than the
equations of motion, the solution obtained will be quasi-static.

3.1. Equilibrium Equations

oo,
—++E=0, (3.1
Ox.

J
where F (F, F,, F,) is the body force per unit volume. Using the constitutive
equations given in Section 2 in the equation of equilibrium (3.1), we obtain
1+v|0F 0
ax. 3.2)

v (Jii + 477P> +[

1—v

where

N @[ogn<l (3.3)

T 2(1—v) —2

is the poroelastic stress coefficient. Equation (3.2) is known as the compatibility
equation.

3.2. Fluid Diffusion Equation

The increment of fluid content { is the volume of the fluid imported into a
control volume per unit control volume. Fluid flux q is the volume of fluid
crossing per unit area of the control volume per unit time. Therefore, the
equation of continuity can be expressed in the form

9¢

= — _div q. 3.4
ot ivq (3.4)

The negative sign is due to the sign convention that  is positive for fluid entering
the control volume and q is positive for fluid leaving the control volume.

According to Darcy’s law of fluid, flow in a fluid-saturated isotropic porous
medium
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q=—x grad p, 3.5)

where ) is the Darcy conductivity. From equations (3.4) and (3.5), we obtain
the fluid diffusion equation

¢ >
— =yV’p. 3.6
ot XVP 5.6)

Putting the value of  from the constitutive equation (2.2) into equation (3.6)
and using equation (3.2) for zero body force, we obtain

[CV2 _9
ot

3
+=pl=0 3.7
O Bp] (3.7

where

o 2GB*(1—v)(1+v,)*x

3.8
oI —=v (v, —V) 38)

is the hydraulic diffusivity or consolidation coefficient. It is directly proportional
to the rock permeability.

We note that five poroelastic constants occur in the field equations for an
isotropic poroelastic medium. Out of these, four constants are introduced by
the constitutive equations. The fifth constant () is introduced by Darcy’s law.
Using equation (3.8), we may choose c to be the fifth constant instead of .

4. PLANE STRAIN CONSOLIDATION OF AN ISOTROPIC
POROELASTIC HALF-SPACE

For plane strain deformation of a poroelastic medium in the x x,-plane, the
displacement components are of the form

U =u,(X, X5, 1), u, =0, uy =u,(x,, X3, 1). 4.1)
The constitutive equation (2.1) yields
2G g€,=U-v)o,, —vo,, +,p,
2G ;= (1—v)o,, —vo,, +a,p,

2Gg;=o0,,
0, =0, =0,
0, = V(0,, +0;;) — P, 4.2)
where
oy =(1—=2v)a.
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Similarly, the compatibility equation (3.2) becomes
v’ (0, +035+2np) =0, 4.3)

assuming zero body force. The diffusion equation (3.7) is replaced by

0
cV? ——|lo,, + 0, + ———p|=0. (4.4)
[ 8t] 11 33 (1+vu)Bp
Equations of equilibrium (3.1) reduce to
do,, n do, o, do,, n 0o, _ 45)
ox,  Ox, Ox,  Ox,
and equation (2.2) becomes
a(l+v) 3
=——|0,, +03 +———p| 4.6
¢ 3K 11 33 B(1+vu)p (4.6)

The coupled system of equations (4.3) to (4.5) can be solved in terms of Biot’s
stress function F (Roellofs, 1988; Wang, 2000):

2 2 2
_oF __OE __ OF 4.7)

11 ° 33 ’ 13
ox; ox; Ox,0x,

o

The equilibrium equations (4.5) are then identically satisfied. Equations (4.3),
(4.4) and (4.7) yield

V* (VF +2np) =0, (4.8)

[CV2 8] V°F+

_Z 2 =0. 4.9
P (4.9)

(1+v,)B p]

Eliminating F and p in turn, equations (4.8) and (4.9) lead us to the following
decoupled equations in p and F

3,
[cv2 — a]Vzp =0, (4.10)
[cv2 —%]V“F:O. 4.11)

The general solution of equations (4.10) and (4.11) can be obtained by taking
Laplace transform of these equations with respect to time and then solving
the resulting equations in space variables. The stresses then follow from
equation (4.7). Finally, the displacements can be obtained from equation (4.2)

Mathematical Journal of Interdisciplinary Sciences, Volume 2, Number 1, September 2013



on expressing strains in terms of displacements and integrating the resulting
equations. After a lengthy algebra, we obtain (Singh and Rani, 2006)

p= —7 L(Ble'mz + Dle"“) +&k° (—B3e'k‘ +D,e"
0

~—

[sin kx

cos kx

or ]dk (4.12)

sin

kx
] dk, (4.13)
2cn kx

CoS

Q
Il
°—=3

[mz (B]e'mZ + Dlemz) +k* (Bze'kZ + Dzekz)

e 1 sin - kx
+K {(kz—2)Bye* + (kz+2)D;e* }}{COS kx]dk, (4.14)
o0 sin kx
o =/ [B e™ +D e™ +(B, +B,kz)e™ +(D, + D,kz)e” [ ]kde
33 0 l ! cos kx
(4.15)

on f:f m(Bje™ —Dye™ )+ k(B,e™ —D,e")

COos

+ k{B, (kz—1)e™ — D, (kz + 1)e‘“}][ Ejkdk, (4.16)

-sin

00

2Gu, =—[[Be™ +De™ +B,e™ +D,e" +B,(2v, ~ 2+ kz)e™

1
0
cos kx

-sin kx

+D,(~2v, +2+kz)ek’][ k dk (4.17)

2Gu, = f[m (Ble'mz —De™ ) + k(Bze'kZ —D,e” ) +B, (1-2v, +kz)ke™

0

L1l sin kx
+D,(1-2v, —kz)ke ] - dk, (4.18)
where 5 R
§:§(l+vu>B, m:[kz—i—z] , (4.19)

z = X,, q is the fluid flux in the z-direction and s is the Laplace transform
variable.
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We have found the solution in the Fourier-Laplace domain involving six
arbitrary constants (B, D, B,, D,, B,, D,). These constants are to be found
from the boundary conditions. Two integrations are required to be performed
to get the solution in the space-time domain. The first integration is over the
wave number k and can be evaluated, for example, by applying the Guass
quadrature. The second integration is the inverse Laplace transform and can be
evaluated by following one of the various numerical schemes available.

The plane strain solution of Biot’s coupled system of deformation-diffusion
equations given by equations (4.12)-(4.18) can be used to find solutions of
various problems involving boundaries parallel to the plane z = 0. Singh and
Rani (2006) used this solution to study analytically the plane strain deformation
of a multi-layered poroelastic half-space by surface loads using generalized
Thomson-Haskell matrix method. Explicit expressions of the elements of the
propagator matrix are given. Pan (1999) used Green’s function method to solve
the consolidation problem of a multi-layered poroelastic half-space. However,
the elements of the propagator matrix given by him are complicated functions
of poroelastic constants and some of the elements are incorrect. Wang and
Fang (2003) also studied the consolidation of a multi-layered poroelastic half-
space. However, only three poroelastic constants appear in their formulation as
against five constants which define a general homogeneous isotropic poroelastic
medium. Five poroelastic constants appear in our formulation.

S. CONSOLIDATION OF A POROELASTIC HALF-SPACE WITH
ANISOTROPIC PERMEABILITY

Consolidation of a poroelastic half-space by surface loads has been
studied extensively. However, in most of the investigations, the hydraulic
permeability is assumed to be isotropic. Permeability determines the ability
of the porous medium to conduct fluid flow in its pores and, therefore, can
be different in different directions. In most cases, the soil deposits are the
result of a sedimentation process that produces horizontal stratification planes.
Consequently, permeability in the horizontal and vertical directions may differ.
For important geophysical and engineering applications, it is useful to study
the effect of anisotropy in permeability on the consolidation of a half-space by
surface loads.

Plane strain consolidation of a poroelastic half-space possessing isotropic
permeability and compressible fluid and solid constituents has been considered
in the last section. In this section, we study the corresponding problem when
the permeability is anisotropic. It may be noted that the constitutive equations
(4.2), the compatibility equation (4.3) and the equilibrium equations (4.5) are
valid in this case also. However, the Darcy law (3.5) should be replaced by
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q, =—x,0p/9x,, q,=0, q,=—x,0p/dx,, (5.1)

where ¢ is the fluid flux and ), the Darcy conductivity in the xdirection.
Consequently, the fluid diffusion equation (4.4) is replaced by the equation
(Singh et al., 2007)

Q a,(1—v) )

~ to., 4+ —20 = 0 LEA v/ 5.2
ot R v, —vp A—=v)(v, —v) 1P >-2)

where 92 92

2
VB :Cla_)(lz+c38_);§ (53)
and

o, = 26U=VOY g (5.4)

i ard—v)

is the hydraulic diffusivity.

The four unknowns o, 0,,, 0, and p are to be determined from the coupled
system of the four equations listed in (4.3), (4.5) and (5.2). This system can
be solved in terms of Biot’s stress function F introduced by equation (4.7).

Equations (4.5), (4.7) and (5.2) yield

V*(V*F +2np) =0, (5.5)

0

—[V2F+ &

0

pl=—l=n) o (5.6)
d-v)v,—v)

Eliminating F and p in turn, equations (5.5) and (5.6) lead us to the following
decoupled equations

ot V. —v

u

[v; - %]Vzp =0, (5.7
[v; — %] V*‘F=0 (5.8)

Taking the Laplace transform of equations (5.7) and (5.8) with respect to
time and then solving the resulting equations in space variables we obtain the
general solution of these equations. For the consolidation of a homogeneous
poroelastic half-space z = 0 by surface loads, suitable solutions are of the
form
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" . w[sin kx
Rani, S. p= f(Ale +Ae ) dk, (5.9)
Kumar, R. 0 cos  kx
_ i . Lifsin kx
F= [ [Be™ +(B, +B;kz)e ][COS kx]dk, (5.10)
where the arbitrary constants A, A, etc. may be functions of k, x=x,, z=x,
and 1
14 Ci,o . S
m=|-Lk’+— (5.11)
C3 C3

Inserting the expressions for F and p from equations (5.9) and (5.10) in equation
(5.6) and (5.7), we find

A = [(18 —mz)/zn]Bl. (5.12)
A (¢, —¢c)d—v, )k’
T i . (5.13)
Equations (4.7), (5.1), (5.9) and (5.10) yield
o0 cos kx
— v [(Ae™ 4 Ae™ kdk, .
6 =—x/(Ae € )[—sin kx] (5.14)
4y = (mA™ + kAze‘kZ)[Sm X]dk, (5.15)
0 cos kx
N in k
o =/ [Bm’e™ +{B, + B, (kz - 2)}k2e"“][22 kz]dk, (5.16)
% . o1sin kx
S { [Be™ +{B, +B;kz}e* ][COS kXszdk, (5.17)
N k
o, =/ [Bime™ +{B, +B, (kz 1)}ke-kz][_°;sn ki]kdk- (5.18)

Corresponding to the stresses given by equations (5.16) to (5.18), the
displacements are found by expressing strains in terms of displacements in
the constitutive equations (4.2) and then integrating the resulting equations.
We find ,
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7 Q cos  kx
2Gu, =—[|Be™ +{B2 + B, (2v—2+kz)+—?Az}ekz kdk, (5.19)
0 ’ k —sin  kx
% - o ., || sinkx
2Gu, = [|Bme™ +{B, +B (1-2v+kz)——LA, tke dk (5.20)
B k cos kx

Equations (5.9) and (5.14) to (5.20) constitute an analytical solution of the
governing equations representing the diffusion-deformation of a poroelastic
half-space possessing anisotropic permeability and compressible fluid and solid
constituents. The three arbitrary constants B , B, and B, are to be determined
from the boundary conditions. This solution has been used by Singh et al. (2007)
to study the quasi-static deformation of a half-space by surface loading. The
problem of the consolidation of a uniform half-space caused by normal disc
loading has been discussed in detail. The following conclusions were drawn in
relation to the consolidation of a poroelastic half-space by normal loads:

(i) The anisotropy in permeability may accelerate the consolidation process.

However, it has no effect on the initial and the final settlements.

(i) The compressibility of the solid constituents of the poroelastic medium
may accelerate the consolidation process. However, it has no influence on
the initial and final settlements.

(iii) In the short term, the compressibility of the solid constituents increases the
pore pressure.

(iv) The compressibility of the fluid constituents increases the initial settlement.
It has no influence on the final settlement.

(v) The compressibility of the fluid constituents decreases the short-term pore
p y
pressure.

Chen (2004) used the state vector method to investigate the consolidation
of a multilayered poroelastic half-space with anisotropic permeability.
However, he assumed the solid constituent of the poroelastic material to be
incompressible. For such a poroelastic material, the Biot-Willis co-efficient
a = 1. Therefore, only three constitutive poroelastic constants are involved in
his formulation as against four constitutive constants used here which define a
poroelastic material with compressible solid and fluid constituents.

We have considered the above plane strain consolidation problem. The
case of axial symmetry can be tackled by a similar procedure (Singh et al.,
2009). Further, equations (5.9) and (5.10) contain only negative exponentials
suitable for a half-space. For a clay layer, we should choose solutions for p and
F containing both negative and positive exponentials (Rani ef al., 2011).

Mathematical Journal of Interdisciplinary Sciences, Volume 2, Number 1, September 2013

Consolidation
of a Poroelastic
Half-Space

15



Singh, S. J.
Rani, S.
Kumar, R.

16

ACKNOWLEDGEMENTS

The first author (SARVA JIT SINGH) is thankful to the Indian National
Science Academy, New Delhi for financial support under its Honorary
Scientist Scheme and the second author (SUNITA RANI) is thankful to the
University Grants Commission, New Delhi for financial support in the form
of a Major Research Project.

REFERENCES

AiZY, Cheng ZY and Han J (2008) State space solution to three-dimensional consolidation of multi-
layered soils; Int. J. Eng. Sci. 46 486-498. http://dx.doi.org/10.1016/j.ijengsci.2007.12.003
AiZY and Wang Q S (2008) A new analytical solution to axisymmetric Biot’s consolidation of a finite
soil layer; Appl. Math. Mech. 29 1617-1624. http://dx.doi.org/10.1007/s10483-008-1209-9
Ai ZY, Wang Q S and Han J (2010a) Analytical solutions describing the consolidation of a multi-
layered soil under circular loading; J. Eng. Math. 66 381-393.
http://dx.doi.org/10.1007/s10665-009-9299-6

AiZY, Wang Q S and Han J (2010b) Transfer matrix solutions to axisymmetric and non-axisymmetric
consolidation of multilayered soils; Acta. Mech. 211 155-172.
http://dx.doi.org/10.1007/s00707-009-0224-x

AiZY and Wu C (2009) Plane strain consolidation of soil layer with anisotropic permeability; Appl.
Math. Mech. 30 1437-1444. http://dx.doi.org/10.1007/s10483-009-1109-7

Bell M L and Nur A (1978) Strength changes due to reservoir-induced pore pressure and stresses and
application to Lake Oroville; J. Geophys. Res. 83 4469-4483.
http://dx.doi.org/10.1029/J1B083iB09p04469

Biot M A (1941) General theory of three-dimensional consolidation; J. Appl. Phys.12 155-164.
http://dx.doi.org/10.1063/1.1712886

Biot M A (1955) Theory of elasticity and consolidation for a porous anisotropic solid; J. Appl. Phys.
26 182-185. http://dx.doi.org/10.1063/1.1721956

Biot M A (1956a) General solutions of the equations of elasticity and consolidation for a porous
material; J. Appl. Mech. 78 91-96.

Biot M A (1956b) Theory of deformation of a porous viscoelastic anisotropic soil; J. Appl. Phys.
27 459-467. http://dx.doi.org/10.1063/1.1722402

Booker J R (1974) The consolidation of a finite layer subjected to surface loading; Int. J. Solids Struct.
10 1053-1065. http://dx.doi.org/10.1016/0020-7683(74)90011-0

Booker J R and Carter J P (1986) Long term subsidence due to fluid extraction from a saturated,
anisotropic, elastic soil mass; Q. J. Mech. Appl. Math. 39 85-98.
http://dx.doi.org/10.1093/qjmam/39.1.85

Booker J R and Carter J P (1987a) Elastic consolidation around a point sink embedded in a half-space
with anisotropic permeability; Int. J. Num. Anal. Meth. Geomech. 11 61-77.
http://dx.doi.org/10.1002/nag.1610110106

Booker J R and Carter J P (1987b) Withdrawal of a compressible pore fluid from a point sink in an
isotropic elastic half space with anisotropic permeability; Int. J. Solids Struct. 23 369-385.
http://dx.doi.org/10.1016/0020-7683(87)90042-4

Booker J R and Randolph M F (1984) Consolidation of a cross-anisotropic soil medium; Q. J. Mech.
Appl. Math. 37 479-495. http://dx.doi.org/10.1093/qjmam/37.3.479

Booker J R and Small J C (1987) A method of computing the consolidation behaviour of layered soils
using direct numerical inversion of Laplace transforms; Int. J. Numer. Anal. Meth. Geomech.
11 360-380. http://dx.doi.org/10.1002/nag. 1610110405

Mathematical Journal of Interdisciplinary Sciences, Volume 2, Number 1, September 2013



Chau K T (1996) Fluid point source and point forces in linear elastic diffusive half-spaces; Mech.
Mater. 23 241-253. http://dx.doi.org/10.1016/0167-6636(96)00015-4

Chen G J (2003) Analysis of pumping in multilayered and poroelastic half-space; Comput. Geotech.
30 1-26. http://dx.doi.org/10.1016/S0266-352X(02)00034-4

Chen G J (2004) Consolidation of multilayered half space with anisotropic permeability and compressible
constituents; Int. J. Solids Struct. 41 4567-4586. http://dx.doi.org/10.1016/].ijsolstr.2004.03.019

Chen G J (2005) Steady-state solutions of multilayered and cross-anisotropic poroelastic half-space
due to a point sink; Int. J. Geomech. 5 45-57.
http://dx.doi.org/10.1061/(ASCE)1532-3641(2005)5:1(45)

Chen G J and Gallipoli D (2004) Steady infiltration from buried point source into heterogeneous
cross-anisotropic unsaturated soil; Int. J. Numer. Anal. Meth. Geomech. 28 1033-1055.
http://dx.doi.org/10.1002/nag.370

Chen S L, Chen L Z and Zhang L M (2005a) The axisymmetric consolidation of a semi-infinite
transversely isotropic saturated soil; Int. J. Numer. Anal. Meth. Geomech. 29 1249-1270.
http://dx.doi.org/10.1002/nag.458

Chen S L, Zhang L M and Chen L Z (2005)b Consolidation of a finite transversely isotropic soil layer
on a rough impervious layer; J. Eng. Mech. 131 1279-1290.
http://dx.doi.org/10.1061/(ASCE)0733-9399(2005)131:12(1279)

Chen Y, Cheng Z, Ling D and Zhu B (2007) Solutions for a completely saturated porous elastic solid
with impeded boundaries; Front. Archit. Civ. Eng. 1 322-328.
http://dx.doi.org/10.1007/s11709-007-0042-y

Conte E (1998) Consolidation of anisotropic soil deposits; Soils and Foundations 38 227-237.

Conte E (2006) Plane strain and axially symmetric consolidation in unsaturated soils; Int. J. Geomech.
6 133-135. http://dx.doi.org/10.1061/(ASCE)1532-3641(2006)6:2(131)

Detournay E. and Cheng A H-D (1993) Fundamentals of poroelasticity, in Comprehensive Rock Engineering:
Principles, Practice and Projects, (Hudson, J.A. ed.) Pergamon Press, Oxford 2 113-171.

Ganbe T and Kurashige M (2000) Fundamental solutions for a fluid-saturated poroelastic infinite
space of transversely isotropic permeability; JSME Int. J. Series A 43 33-39.
http://dx.doi.org/10.1299/jsmea.43.33

Gibson R E, Schiffman R L and Pu S L (1970) Plane strain and axially symmetric consolidation of a clay
layer on a smooth impervious base; Q. J. Mech. Appl. Math 23 505-520.
http://dx.doi.org/10.1093/qjmam/23.4.505

Kalpna and Chander R (1997) On the 2D plane strain problem for a harmonic stress applied to
an impervious elastic layer resting on a porous elastic half space; Phys. Earth Planet. Int.
103 151-164. http://dx.doi.org/10.1016/S0031-9201(97)00028-9

Kalpna and Chander R (2000) Green’s function based stress diffusion solutions in the porous elastic
half space for time varying finite reservoir loads; Phys. Earth Planet. Int. 120 93-101.
http://dx.doi.org/10.1016/S0031-9201(00)00146-1

Lu J F and Hanyga A (2005) Fundamental solution for a layered porous half-space subjected to a
vertical point force or a point fluid source; Comput. Mech. 35 376-391.

McNamee J and Gibson R E (1960a) Displacement functions and linear transforms applied to diffusion
through porous elastic media; Q .J. Mech. Appl. Math. 13 98-111.
http://dx.doi.org/10.1093/qjmam/13.1.98

McNamee J and Gibson R E (1960b) Plane strain and axially symmetric problem of the consolidation
of a semi-infinite clay stratum; Q. J. Mech. Appl. Math. 13 210-227.
http://dx.doi.org/10.1093/qjmam/13.2.210

Mei G X, YinJ H, Zai ] M, Yin Z Z, Ding X L, Zhu G F and Chu L M (2004) Consolidation analysis of
a cross-anisotropic homogeneous elastic soil using a finite layer numerical method; Int. J. Numer.
Anal. Meth. Geomech. 28 111-129. http://dx.doi.org/10.1002/nag.324

Mathematical Journal of Interdisciplinary Sciences, Volume 2, Number 1, September 2013



Pan E (1999) Green’s functions in layered poroelastic half-spaces; Int. J. Numer. Anal. Meth Geomech.
23 1631-1653.
http://dx.doi.org/10.1002/(SICI)1096-9853(199911)23:13<1631:: AID-NAG60>3.0.CO;2-Q

Rani S, Kumar R and Singh S J (2011) Consolidation of an anisotropic compressible poroelastic clay
layer by axisymmetric surface loads:Int. J. Geomech. 11 65-71.
http://dx.doi.org/10.1061/(ASCE)GM.1943-5622.0000073

Rice J R and Cleary M P (1976) Some basic stress diffusion solutions for fluid-saturated elastic
porous media with compressible constituents; Rev. Geophys. Space Phys. 14 227-241.
http://dx.doi.org/10.1029/RG014i002p00227

Roeloffs E A (1988). Fault stability changes induced beneath a reservoir with cyclic variations in
water level; J. Geophys. Res. 93 2107-2124. http://dx.doi.org/10.1029/JB093iB03p02107

Rudnicki J W (2001) Coupled deformation-diffusion effects in the mechanics of faulting and failure
of geomaterials; Appl. Mech. Rev. 54 483-502. http://dx.doi.org/10.1115/1.1410935

Schiffman R L and Fungaroli A A (1965) Consolidation due to tangential loads; Proc. 6™ Int. Conf. on
Soil Mech. and Foundation Eng. Canada 1 188-192.

Selvadurai A P S and Yue Z Q (1994) On the indentation of a poroelastic layer; Int. J. Numer. Anal.
Meth. Geomech. 18 161-175. http://dx.doi.org/10.1002/nag.1610180303

Singh S J (2005) Recent advances in poroelasticity; Mathematics Student 74 49-67.

Singh S J, Kumar R and Rani S (2009) Consolidation of a poroelastic half-space with anisotropic
permeability and compressible constituents by axisymmetric surface loading; J. Earth Sys. Sci.
118 563-574. http://dx.doi.org/10.1007/s12040-009-0047-0

Singh S Jand Rani S (2006) Plane strain deformation of a multilayered poroelastic half-space by surface
loads; J. Earth Sys. Sci. 115 685-694. http://dx.doi.org/10.1111/j.1365-246X.2007.03497 .x

Singh S J and Rani S (2007) Quasi-static deformation of a multilayered poroelastic half-space by two-
dimensional buried sources; Acta Mech. 191 161-179.
http://dx.doi.org/10.1007/s00707-007-0452-x

Singh S J, Rani S and Kumar R (2007) Quasi-static deformation of a poroelastic half-space with
anisotropic permeability by two-dimensional surface loads; Geophys. J. Int. 170 1311-1327.
http://dx.doi.org/10.1111/j.1365-246X.2007.03497 .x

Taguchi I and Kurashige M (2002). Fundamental solutions for a fluid-saturated, transversely isotropic,
poroelastic solid; Int. J. Numer. Anal. Meth. Geomech. 26 299-321.
http://dx.doi.org/10.1002/nag.202

TarnJ Q and Lu C C (1991) Analysis of subsidence due to a point sink in an anisotropic porous elastic
half-space; Int. J. Numer. Anal. Meth. Geomech. 15 573-592.
http://dx.doi.org/10.1002/nag.1610150805

Terzaghi K (1923) Die berechnung der durchlassigkeitsziffer des tones aus dem verlauf der
hydrodynamischen spannungserscheinungen; Sitz. Akad. Wissen. Wien. Math. Naturwiss. KI.
Abt. 11a 132 105-124.

Wang H F (2000). Theory of Linear Poroelasticity; Princeton University Press; Princeton.

Wang J and Fang S (2003) State space solution of non-axisymmetric Biot consolidation problem for
multilayered porous media; Int. J. Eng. Sci. 41 1799-1813.
http://dx.doi.org/10.1016/S0020-7225(03)00062-4

Wang R and Kuumpel H J (2003) Poroelasticity: Efficient modeling of strongly coupled, slow
deformation processes in multilayered half-space; Geophys. 68 705-717.
http://dx.doi.org/10.1190/1.1567241

Yue Z Q and Selvadurai A P S (1995) Contact problem for saturated poroelastic solid; J. Eng. Mech.
121 502-512. http://dx.doi.org/10.1061/(ASCE)0733-9399(1995)121:4(502))

Yue Z Q, Selvadurai A P S and Law K T (1994) Excess pore pressure in a poroelastic seabed saturated
with a compressible fluid; Can. Geotech. J. 31 989-1003. http://dx.doi.org/10.1139/t94-113

Mathematical Journal of Interdisciplinary Sciences, Volume 2, Number 1, September 2013



