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This paper aims to solve Duo-combination of non linear partial differential equations by a latest
approach called Mahgoub deterioration method (MDM). The latest technique is mix of the Mahgoub
transform furthermore the, Adomian deterioration method. The generalized solution has been proved.

Mahgoub deterioration method (MDM) is a very successful tool for finding the correct solution of
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linear and non linear partial differential equations. The continuance and uniqueness of solution is based

1. Introduction

Multiple problems in Mathematics are carved by nonlinear
partial differential equation. Various researchers are putting
efforts to go through these problems finding the correct
or almost accurate solutions using diverse procedure.
A thousand and one researchers were keen in solving
differential equations as well as paid immersion in going
through the solution of nonlinear partial differential
equations by several approaches. In the past few years, a
number of integral transforms have been introduced which
help us in solving ODEs and PDEs. We have applied
Mahgoub deterioration method to find the exact solution
to solve duo-combination of nonlinear partial differential
equations (CSNLPDEs). A new Mahgoub Transform are
introduced by [6] Mohand Mahgoub (2016). Dualism
between Mahgoub integral transform and some integral
transforms have been found [8]. The utility of Mahgoub
integral transform method [7-10] exists in the literature
to solve partial differential equations, ordinary differential
equations, fractional ordinary differential equation and
integral equations. We can see that several problems in the
field of Physics and Engineering have been found to show
the accuracy of the MDM.

2. Preliminaries & Definitions of Mahgoub
Transform

2.1 Mahgoub transform

The Mahgoub transform is denoted by operator M (.) and
Mahgoub transform of w(t) is defined by the integral
equation:

M(w(t))

(v

)

° 2.1
vfw(t)e’”dt,tzo, andp, <v<p,. @1

0

In a set A the function is defined in the form

lY

A={w(t):3IM, p,p, > 0.|w(t)| < Me" , @2

where A and p, may be finite or infinite and the constant
must be finite number. Mahgoub transform is defined for
function of exponential order .

The Author(s) 2018. This article is published with open access at www.chitkara.edu.in/publications.
ISSN No.: 2278-9561 (Print) ISSN No.: 2278-957X(Online) Registration No. : CHAENG/2013/49583 Periodicity: Bi-Annually


https://doi.org/10.15415/mjis.2018.62006

Math. J. Interdiscip. Sci..Vol. 7, No.1, Sep. 2018 pp-38

NOTE: The lector can refer to more about the Mahgoubl
transform in[6] .

2.2 Derivative of Mahgoub transform

Let function w( ) be the derivative of w(t) as for “t”
further more #” order derivative of the same as for “t”, then
Mahgoub transform of derivative is given by:

M[w”( ]—V"H(V) S w' (0). (2.3)

If we put n=1,2,3... in equation (2.3), then we get
Mahgoub transform of first and second derivative of w( t)

« »

with respect to “t”:

M[u}’(t)] = vH(v) — vw(O),
M[w”(t)] = UZH(U) — vw/(O) — yzw(O).

2.3 Adomian deterioration method

Adomian deterioration method is a semi analytical method
for solving varied types of differential and integral equation,
both linear and non-linear, and including partial differential
equations. This method was developed from 1970s to 1990s
by George Adomian[1-3]. The preferred standpoint of this
method is that it diminishes the size of computation work
and maintains the high accuracy of the analytical solution
in terms of a rapidly convergence series [4]. In Adomian
deterioration method, a solution can be decomposed into an
infinite series that converges rapidly into the exact solution.
The linear and non-linear portion of the equation can be
separated by Adomian deterioration method. The inversion
of linear operator can be represented by the linear operator
if any given condition is taken into consideration. The
deterioration of a series is obtained by non linear portion
which is called Adomian polynomials. By the using Adomian
polynomials we can find a solution in the form of a series
which can be determined by the recursive relationship.

3. Investigation of Mahgoub Deterioration
Method (MDM)

In this section we explain the Mahgoub deterioration
method (MDM) for non linear non-homogeneous
duo-combination of PDEs of the model:

Hu+Haw+ L (ww)=p (€t)

Huw+Hgu+L, (,w)=p, (€:1), oD

with subject to initial conditions

u(€,0)=r(€
w((€,0)) = rz((€)) : G2

where p, (€,t),p2 (€,’£) are the non- homogeneous terms
(source tem). H, and H, are first differential operators.
and I, (u,w) and L, (u,w) are the non linear operators we
carry out the Mahgoub transform to Eq.(3.1) and Eq.(3.2)
to get :

D u(€,0)—u(€,0)+M]w,]

Mz, (w o= (c0)
D (€,0)—w(,€,0)+ M [u] 0
+M[L, (#,w)|= M| p, (€,1)]

By substituting the given initial condition in Eq.(3.2) in to
Eq.(3.3), we obtain

u(€,p) = % (€)+%M{p1(€,t)]
=, + L, (1)
u(€v)= % (€)+5M[pz(€»t)] >

_EM[WG +1 (u,w)]

taking the inverse Mahgoub transform of Eq.(3.4) we get:

u(€,t) =D (€t)—M"' [%M[we +17 (u,w)}‘ ,

1 (3.5)
w(€t)=P(6t)—M"' lgM[ue + L, (u, w)]} :

where the terms P, (€,t) and 2, (€,t) comes from the
source terms.

We have function u(€,t) andw(€,t) which is
unknown functions. For these functions, we adopt infinite
series solution of the form:

S
:’iwn (€ t
n=0

(3.6)

Now , we can easily decompose the non linear terms
L (u,w)and L, (u,w) and can write as:

2=0 (3.7)
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where D, and E, are Adomian polynomials which is given

by :

1 d [Zﬂ ]
n }’l'd€ i=0 4=0 (3 8)
- d€" [;ﬂw]“o

where #=10,1,2,3,...
Using Eq. (3.8) and Eq.(3.7), we get :

Zu (e.t)= an€+ZD ”

Zu/ (6t)= Zun€ +§E H

(3.9

Therefore, from Eq.(3.9). we find the recursive relation
which is given by

uy (€:t) = 5 (€:4)

1
€t)=—-M"'|=M +> D
(€0 =1 L1 + 3] o
1
U, (€’t) =-M"' [EM Zwlé + ZD1”
n=0 n=0
thus,
u, (€t)=—-M" [%M[wﬁ—i—D] n>0. (3.11)
Similarly,
w, (6.4)= P, (€ )
1
€t)=—M"'|—M ) E
w1( ) ) ;”oe +”Z; 0} (3.12)
w, (€,t) =-M" %M Zul€ + 2]51”
n=0 n=0

Similarly, we arrive at

w,, (€t)=—-M" l Mu,. + E,)]| n>0.

The exact solutions of the non linear system are given by:

€)= (6
€)=u,(6Y)

Thus, the Adomian deterioration method gives a convergent
series solution which is absolute and uniformly convergent.

4. Relevance of Mahgoub Deterioration
Method

In this section, the Mahgoub deterioration method (MDM)
is applied for two coupled systems and is compared to our
solutions with that of the existing exact solutions.
Example 4.1. Examine the duo-combination of nonlinear
PDE:; of the form:

U, — e — 20Ul +(uw)€ =0

W, — Wee — 2WW, +(uw)€ =0, (4.1)
with subject to initial conditions,

u(€,0) = sin€ (4.2)
w(€,0) = sin€

By taking Mahgoub transform of derivatives on both hands
of Eq.(4.1), we get

Yu(€,v)—u(€,0) — M|u]
—2M[uu€]+ M[(uw)e] =0

19w(€,v)—w(€,0)—M[w€€] (4.3)
—ZM[wwe]—i-M[(uw)e] =0.
now using initial conditions, we arrive
u(€,9)= lsin€ +1M[u€€ + 2uu, — (uw) ]
v v ‘ (4.4)

w(€,19) = %sin€ —|—%M[w€€ + 2ww, — (uw)

€

proceeds, the inverse Mahgoub transform of Eq.(4.4), we
obtain

u(€,t)=sin€+ M ‘%M[uee + 2uu, —(uw)€ ]] 45)
w(€t )=sin€+M" l%M[w% + 2ww, —(uw), ]]

now, we assume a series solution for the unknown function

u(€,t)and w(€,t) of the form:

Zu (€.t)
Zw (€.t) (4.6

then Eq.(4.5) becomes
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u(€,t):sin€

+M™! %M Zunee +2 €4, (u)—[ZBn (u,w)]
n=0 €

n=0

w(€,t) =sin€
+M! %M anee +2C, (w) —[ZB” (u,w)]
n=0 n=0 €

4.7)

>

where 4, B and C and are Adomian polynomials. which
characterizes the non linear terms #u, ,(ou)€ and ww,
relatively . Now, using aforementioned techniques, we reach
the following recursive relation as:

", (€,t) =sin€

(6:0) =M S +24, 00~ (8, )|, o

u, (6,6)= M %M[ul% 24 ()~ (8 (u,w))e]]

thus,

(€)= 1 1o 24, ()2, () ] 0
(4.9)

similarly,

w, (€,t) =sin€

w, (€,t) =M"' ‘%M[woee +2C0 (w) - (BO (u’w))g]]

w, (€,f) =M K%M[wwe +2¢ (w) B (Bl (u’w)>€]]
(4.10)

Finally,

w (66)=M" B Mlw,., +2€, ()~ (B (ww)) ]ln 0.
4.11)

Consequently, from the recurrence relation in Eq.(4.9) and
Eq.(4.11), we can determine remaining units of the solution
as go with:

U (€’t) =M" ‘ M[”oee +24, (”) - (Bo (”’w))e”

— M

SN SN

M[”oee + 2415 — (”owo )e ]]

1
=M KEM [—sin€ + 2sin€cos € — 25in€cos€]

e [%M[—sinﬂ

=—sin€M" %M[l]]

= —tsin€
(4.12)
11
w, (€,)=M"' 51\4[%% +2C, (u)—(B, (u,w))e]]
11
=M 51\/]1[14/0% + 2wyw,, —(uowo )e]l
=M" %M [—xz’n€ + 2sin€cos€ — 23in€cos€]
=M" lM[—sz’n€]
U
= —sin€M™ [lM[l]l
9
= —tsin€ .
(4.13)
and
11
w(€.0=1" L1l +24. (0 (8 (u,w))e]]
— M lM Upee +2<”1”0e +”0”1e)_
9 (ulwo + uywye + Wy, +w0”1€)
=M" %M [t sin€ — 4tsin€ cos€ + 4tsz’n€cos€]
= sin€M™' [lM[t]J
)
= sin€M™' [L]
193
2
= ;sinﬁ

w, (€,t) = M[%M[wl% +2C, (u) —(B1 (u,w)) ]}

=M

=M

(4.14)

€

1 M Wy + z(wlwoe + wowm)*

s

(ulwo + u0w1€ + wluOG + Z'UOMI€ )

1
lEM [t sin€ — 4tsin€cos€ + 4t5in€cos€}}

=sin€M"' %M[tﬂ
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1
=sin€M™' [F]

= —sin€.
|

(4.15)

finally, the approximate solution of the known functions
u(€,t)and w(€,t) are given by:

—Zw (€t)

=1, (€ t)+uw, (e t)+w, (€t)+...

= sin€ —tsin€ + 2—5m€ +.. (4.16)

2

l—t—l-t——i-...
2!

= sin€

=¢ " sin€
and
—Zw (€6t)
=, (€ t)+w, (e t)+w,(€t)+

= sin€ —tsin€ —|—2—xm€ +.. (4.17)

2
= sz'n€[lt+—+...]
2!
=e¢ ' sin€

thus, we get exact solution of the given non linear coupled
system :

u(€,t)=c¢" sin€
w(€,t)=c"sin€ (4.18)

Example 4.2, We think about the duo-combination of
nonlinear PDE of the model:

Pt +ur]®d) _ubﬁgn :_p
w +w,p, +p,3, =u (4.19)
@t +p7]uu‘) +Pu‘; n =9 4

subject to the initial conditions

p(n,¢’0) Y
u(n,,0)=e"" (4.20)
B (n.0) =",

Proceeds the Mahgoub transform derivatives both sides of
Eq.(4.19). we get,

( ,¢,ﬁ):% n+v+19M[uw®Ufu”®w*]J]
ﬂu(n, v) = u(my,0)+M[@, p, |+ M[p,2, | = M[u]
V2 (1,9,0) =2 (0,9, )+M[Pnuw]+M[Pw”n]:M[g]

(4.21)

Then using the initial conditions of Eq.(4.20) into Eq.(4.21).
We arrive to:

1

> ’19 -
2(n1,9) y :
u(n,w,ﬁ):—grpw_‘_EM[u—@npw—pn@w] (4.22)

9
1,1
w(ig,0) = e+ Mo pu,— pu]

by taking inverse Mahgoub transform of Eq. (4.22), we
achieve

p(n,¢,t) — e1]+l;‘) + M—l

%M[uwﬁq —u,J, —p]]
u(n,1,t) =

2(ny.t)=

" 411
eV L M ligM[u—Q,]py 2,9 ]](423)

- 11
e’ + M 5M[®_Pn”v‘)_p”’u’7]

we have functions p(7,%,t),u(n,9,t) and @(n,¢,t)
which are unknown functions, for these functions, we
adopt infinite series solutions of the form :

t)= ;Pn (n. )
t)= Zu (m1h,t) (4.24)
0=3_2, (1)

From Eq. (4.23) can be re-written in the form:
(77 ¢ ) !]+L/
-5 (ue)- 30

n=0 n=0

a1
) S VALY DXL
n=0 n=0 n=0

|

+M™! %M > o, —ZE o

n=0

Z::Fn (pon)

(4.25)
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where A,,B,,C,,D,,E, and F, are Adomian polynomials.
It is characterized by the nonlinear terms #,,9,,%,9,,
D, P> PyD > Pyt and pyu, appropriately. Now we can

obtain the recursive relation by Eq. (4.25) as follows:

P =M | M4, (42)~ B, (2) 1.
(4.26)

)2 (77’1/}:,‘) =M" \%M[Al <”’®>7Bl (”’Q)P1]]

similarly, we can obtain p, . (n,1),t). Which is given by,

o0 =107 241 (02) - 3, 2) 1)

n>0.

(4.27)

Again, we continue in the same manner for term
u,., (n,t) and @, (1,9,t) which can be obtained by
Eq. easily. We will eventually have

1
u,, (n4,t)=M" EM[un ~C,(2.p)-D,(2.p)]|.n>0.
(4.28)
00 (1) =1 | 10[0, = E, (ps)  E, (ps)]| 20
(4.29)

Hence using the Eq. (4.27), Eq.(4.28), and Eq. (4.29).
we can obtain the remaining components of the functions

p(n,(b, t),u(n,@b,t) and @(n,¢,t), Which are
unknown functions :
And
P (mts ) =M |
9
= -1 l
9
—Mim
9

11
2 (g t)=M" 5M[A0 (n,9)— B, (u,@)—po]]
11
=M 1\5M[”m»®0x — 1y, Dy, Po]
— M lM[C,’r/fu“»ew*n Yt _€r1+u‘r]
%
e o]
7]“/){.
(4.30)
And
11
w (), t) =M EM[ C,(2,p)—D, (2 p)]]
11
=M EM[L‘O — Do, Loy _Pongowﬂ
=M %M[e"w el ey —e”“"e”"]l
M [le]
¥
=t ",
(4.31)
11
9, (77)7/}:,‘): ' 5M[®0 Eo (P’ )]
11
= : 5M[®0 POnuOb pOquU]
:M—l lM{e—rﬂru r;+u n—v e7/+uenu]]
9
*n+bM liéM ]

(4.32)

M4, (#,2)— B, (u,2) —Pl]l

M[(uw@oﬂ + uov‘)@lr/) - (ul'zgorz +uy, 9y, ) — b ]]
(tenfwefww e Ve ) _

(ten—u‘)g—ner + Eq—u‘) te—r]Jrv‘; ) + tgr]+1/)
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an

:[’0( NEvAe
=Y tn+v_|_

2
+
g’i Y

-t
=1

And

1—t+t—+...]
2!

— e7]+1/) M—l [l
0

= €”+1‘DM71 E

Mz]

tzeﬂﬂb

2!

=

Cl (Q’P)_Dl (Q’P)]}

M[”l - <®117P0w + @0,,P1¢ ) - (Plngow + Pongw )]]

M[ten*w —(te Y g g ) _

S S S e

(—te”we*”w +e" e )
oM [l M[q]
9

- 3
q93

tzer]—w

2!

—E

(poe) = F (pou)]

M{gl - (Pln”m/; + Ponthy ) - (leuon + Poyth, )]

l.

2, (TMM) =M

=
S

_ -1

te’ ™" ( —te" VY —e”fw)—

_ -1
=M N+ n—y¢ N+ n—v
(—te e +e' " te )

S|~ =

— e

U ) 1
=M \19]
eV

2!

1m0, t) u(n,t) = u (n.1,t)

)+ p, (b t) +.. — (s ) 1, (s ) + 1, (730, 8)
t’e

n+y 2 n—i

=t
T (4.36) o

+...
2

t
Nt —+.
2!

R
=e .

Subsequently,

(4.33)

(4.34)

(4.35)

(4.37)
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2(m) =22, (n.v.1)
=2, (1,1,)+2, (., 1) + 2, (.9, t) + ..

Y-

— ¥ +teV "+

+...
2!

Pv—n tz
=" 1t —+ ..
2!

N /A
="

(4.38)

On that account, the explicit solution of the unknown
functions which is shown by:

u(n,ih,t) =" (4.39)

Hence, we find the same result as obtained by Natural
Deterioration Method ( NDM) [5].

5. Conclusion

The Mahgoub deterioration method (MDM) is used
for solving the combination of non linear duo partial
differential equation with initial conditions. We found
MDM is powerful and easy — to- use analytic tool for PDE’s
and thus, the present study highlights the efficiency of the
method. Also, we get the exact solution when compared to
the result with NDM [5]. This clearly shows that Mahgoub
deterioration method can play an important role in future
for solving nonlinear PDE’s.
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