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Abstract: If P(z)= Z';:Oajzj is a polynomial of degree n having all its zeros
in |z|<k,k>1, then it is known that

n
1+Kk"

Max,,_, |P'(z) > Max,,_, | P(2)|

In this paper we obtain a generalization as well as an improvement of the
above inequality. Besides this some other results are also obtained.
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1. Introduction and Statement of Results

If P(z) is a polynomial of degree n, then concerning the estimate of | P'(z)]|, it
was shown by Turan [8] that if P(z) has all its zeros in |z| < 1, then

n
Maxiy, | P'@) |27 Maxy, | P(2)] (D)

In (1) equality holds if all the zeros of P(z) lie in |z] = 1.
More generally if the polynomial P(z) has all its zeros in || < k < 1, it was
proved by Malik [7] that the inequality (1) can be replaced by

n
Max,_, | P'(z) [> H—_kMaxlz‘ﬂ | P(2)| (2)

The case when P(z) has all its zeros in |z |< k,k > 1, was setteled by Govil [5],
who proved
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Dar, BA zeros in |z| < kk > 1, then

Max,_, | P'(2) >

n
L Max,_, | P(2)] (3)

The result is best possible and equality holds for the polynomial P(z) = z* + k™.

Aziz [1] improved upon the bound in (3) by taking into account the location
of all the zeros of the polynomial P(z) instead of concerning only the zero of
largest modulus. More precisely, he proved the following result.

Theorem B. If all the zeros of the polynomial P(z)= H;’.:] (z— zj) of degree
nliein |z| < k, k> 1, then

2
1+ k"

Max, | | P'(z)[> Max,, | P(2)| 4)

ok
2 |

Jj=1 k+ | Zj

The result is best possible and equality holds in (4) for P(z) = z* + k"
Govil [3] also obtained the following improvement of Theorem B.

Theorem C. Let P(z)=) " a7 =a ][ (z—z,).a,=0, be a polynomial

Jj=

of degree n22,|z_/. I< k_/.,lgjgn, and let k = max{k,,k,,....k } >1.Then

2 “ k
Max., |0 (2> max,_, | P
ax,_, | p'(2) |_1—|—k" Zlk—i—kj] |&|_1| (2|
2|a,, IIZ 1 (k=1 k-1 (5)
l+k" Tk+k\ n n—2
1
+|al|[l_k_2]
if n > 2 and
“ k
Max,__, | p'(2) > max,, , | P(z
|Z‘—1|p()|—1+kn ;k‘f—k |z|_1| ()I
6
l-l—k" k—i—k ©)

1 .
—i—[l—z]|a1 lif n=2.

In (5) and (6) equality holds for P(z) = z" + k".




In this paper we prove the following result which gives an improvement of ~ Some Inequalities
Theorem C, and thus as well of inequality (4). for Polynomials

. u . Vanishing Inside a
Theorem D Let P(Z) = E ;:0 aj Zj = an Hj:l (Z - Zj )’ an = 0 be a pOlynomlal Of Circle

degreen>2and P(0) = 0,| z; [< k;, 1< j <n,andlet k = max{k,,k,,....k,} > 1.
Then

2 |k
Max,, . |P'(z > Max,, ,|P(z
o [ P2 T ;k+kj o | P(D)]
K'—1 | <Nk
+ min,, , | P(z)
k"(1+k”);k—l—kj ot | P
kKIP'O)|+" Q'O &k |[K" =1 k" -1
K'(1+ k") = k+k, n n—2
1 .
+[1—F]|P'(O)|lfn>2. (7
and
n k
Max, , . |P'(2)[> Max,, . | P
| POR Z ik | P
kll_l n
+ minZ: P(2)
k”(1+k”);k+kj e | PO
k| PO KO0 n k k—1)"
LHPOLR QO g~ k=D
k" (14 k") Sk+k| n
1
+[1—%]|P/(0)|ifn:2. (8)

where Q(z) = Z"P[é] )
<

The result is best possible and equality holds in (7) and (8) for P(z)

— Zn _|_ kn.

Since

>— for 1 <j < n, then above theorem gives in particular.

j
Corollary 1. If P(z)=a,ll’'_(z—z;),a, =0, is a polynomial of degree
n > 2 having all its zeros in |z| <k, k > 1, P(0) = 0, then




Mir, A nk" —1)

Dar, BA Max,_, | P'(2)|> P(2)| +mmin|z|=k | P(2)|
n(k|P'O)|+k"" QO D[k =1 k"2 -1
2" (14 k") n n—2
+[1—ki2]|P’(0)|ifn >2, 9)
and
n(k" —1)

Max||1|P(Z)|> +k Max||l| (Z)H‘W |Z|k|P(Z)|

(k=1"(k| P'(O)|+k"" [ Q")) (10)

2k"(1+ k")
+ﬁ—%ﬁﬂmnﬁn—z
1
where Q(z) = z”P[:] .
Z

Equality holds in (9) and (10) for P(z) = z" + k™

n _1 n—-2 _1
It is easy to verify that if k > 1 and n > 2, then k _k 2 ]> 0,
n n—
hence for polynomials of degree > 1, (9) and (10) together provide a refinement
of Theorem A.

1 .

:] , we obtain the
Z

following result which gives a generalization as well as an improvement upon

some well known inequalities.

Now, on applying above theorem to Q(z):z"P[

Corollary 2. If P(z)=a,Il’_(z—z;),a,=0,isa polynom1a1 of degree n>?2
and [z| > k and letk = mm{kl, S k 1< < 1, thenif | P'(z)| and | Q'(2)| attain
the maximum at the same point on |z! =1, we have

1 "k —k
Max, | P'()|< n—k" 2 Max,, | P(2)
zl=1 | | 1+kn [ Zk +k zl=1 | |

j=1 %

n

k.
E k—f—jkj}mm'z'klp(Z)I
j=1

1—k"
l+kn




k| P/O)|+k | Q'O [~ &, 1=k 1=k Some InequahFles
— - Z - — for Polynomials
1+k kK)o n—2 (11)  Vanishing Inside a
—(1—=Kk)|Q'0)]ifn>2, Circle

and

1 n k. —k
Max,,_ | P'(2)|< n—k" ! Max,__, | P
l2}=1 | P'(2)|< 1+ k" [ Z X —|—k] l¢J=1 | P(2)|

J=1 R
1-k" [ & .
— min,, , | P
)| i ig e P! (12)
(kPO +£" Q'O ] Z k; 10—k
1+ k" Tkt kj n

~(1-B)[0" (O ]ifn=2,

1
where Q(2) = Z"P[:] )
Z
The result is best possible for k; =k,1 < j <n and equality holds in (11)

and (12) for P(z) = z" + k.
Proof of Corollary 2. Since the zeros of P(z) satisfy |zj > k;,1 <j<n,such

that k = min{k,,k,,...,k,}. It follows that the zeros of Q(z)= z"P[é] satisfy

Z
igi,lgjgn , such that —=max i,i,...,— or equivalently k =
; j k k k, k,

min{k, k,....k }. Applying inequality (7) to the polynomial Q(z) and for the
case n > 2, we have

Max|z|:1 | QI(Z) |Z

9}
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1, 1
—10"(O) |+ 1
T P
+
[1+1]1 j:1l+i
s kK,
n n—2
i R
X — +]1- '©
- — (1O
k
2K" |k
= - Z Max,,_, | P(z)|
1+k | S k+k,
kn k Pl n—1 / n k
LGP0I 10O g K
(1+&") Hk+k,
l_kn 1—k1172
X - +(1—=k>)]|Q'(0)]. 13
nkn (n_z)knz] ( )|Q( )l ( )

Let Max,_, |P'(z)=|P'(e")|, where 0 < o < 2. Since | P'(z)| and
|Q'(2)| attains their maximum at the same point on |z| = 1, it follows that
Max,, ,|Q'(2)=0"e").

We have by Lemma 1(stated in section 2) that

| P'(e")|+]Q(e") [< nMax,_, | P(z)| (14)

Using (13) in (14), we get

. 2kn n
nMax,_,_ | P(2)[>| P'(e) |+ !_|Max,__, |P
i [POEIPE) 75 ;ij o | PD)]

1-k" | & k.
min,,_, | P(z

1+K" ;ij e | P

+(k|P/(0)|+kn71|Q/(0)|) n k] l_kn _k2(1_k1172)
(1+kn) j:]k+k_/ n n—2

+H1-k)[Q'(0)]

implying




|P/(eiu) |§

Max,_, | P(2)|

n n k
n 2k ,,Z ;
Tk S k+k,

1k
1+ K"

(k[PO)|+k" 1|Q(0)|)Z ko (1-k" KFa-k")
(I+k£") Tk+k,

—~(1-k)[Q'(0)|

which proves the desired inequality for n > 2.

The result for n = 2 follows on the same lines as that for n > 2 but instead
of using (7), we use (8).

As it is easy to see, our Corollary 2 provides a generalization as well as an
improvement of the following result due to A. Aziz and N.Ahmad [2].

n

koo
Zk—i—k min_, | P(2)|

j=1

n n—>2

Theorem D. Let P(z) =1I"_,(z—z;) be a polynomial of degree n which does

1
not vanish in |z| < k, where & < 1, and let Q(z):z”P[: If |P'(2)| and
Z

|Q'(2)| become maximum at the same point on |z| = 1, then

1 n |Z» | —
Max,, | P'(2)[< n—k" !
z]=1 1+ k" ;lel‘f‘
The result is best possible and equality holds for the polynomial P(z) = z* +
k.

k
P Max,_, | P(z)]. (15)

2. Lemmas
For the proof of the theorem, we need the following lemmas.

Lemma 1. If P(z) is a polynomial of degree n, then on |z| = 1
|P'(2)|+10'()|< nMax,_, | P (16)

where Q(z) = z"P[é] .
This is a special caZse of a result due to Govil and Rahman [6, Lemmal0].
Lemma 2. If P(z) is a polynomial of degree n, then for R > 1,
Max,,_, | P(2)|< R"Max_, | P(z)| —(R" — R"*)| P(0)|forn > 1, (17)
and
Max,_ | P(z)|< RMax,_ | P(z)|<(R—1)|P(0)|forn=1.  (18)

Some Inequalities
for Polynomials
Vanishing Inside a
Circle
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The above result is due to Frappier, Rahman and Ruscheweyh [3, Theorem?2].
Lemma 3. If P(z) is a polynomial of degree n > 2 and P(0) = 0, then for |z| =
landR > 1,

| P(R2) — P(2) |+ | Q(R2) — O(2) |
<(R"—DMax,_, | P(z)|

(19)
, , R'"—1 R"7-1
—( PO [+]Q(0)]) — ]fOr n>2,
and
| P(Rz) — P(2) |+ | Q(Rz) — O(2) |
<(R"—DMax, | P(2)] (20)

R-1)"

~(P'(0)[+]4'O)D for n=2,

(1)
where Q(Z):Z"P[:].

Z
Proof of Lemma 3. If P(z) is a polynomial of degree n and p(0)= 0, then
0(z)= z"P[é] is also a polynomial of degree n. Applying inequality (17) of
Lemma 2 to fhe polynomials P’(z) and Q'(z), which are of degree (n — 1),
we obtain for all # >1and 0 < <27,
| P'(ze") <t [ P'(e") | =" = 1" )| P(0) | for n>2 2y
and
|Q'te”) |< " Q' (") | (" =" )| Q'(0)| for n>2. (22)
Adding inequalities (21) and (22), we get for n > 2,
| P(te”) | +]Q'(re”) [< 1" (| P'e”)+] Q' ("))
—(t"" =" (| PO)+]Q'0)]).
Using Lemma 1 in above inequality, we get
| P(te")|+Q'(te") |< " *Max, | P(2)]
—(" =) ([P'O)|+]0'0)])

(23)

for 0<6 <27 and r>1.




Also for each 0,0 <0 <2w and R > 1, we have
i0 i6 R YA i0
P(Re”)— P(e") = f ¢ P'(1e")dr
1
and

ORe") - Q(e") = [ "' 1"

Hence forn > 2

| P(Re")— P(e")| +] QRe") — (e < [ (| Pae™) | +| Q'™ .

On combining inequality (23) with the above inequality, we get for n > 2

| P(Re") — P(e") | +]Q(Re") — Q(e") |
< fl R[nt””qud:1 | P(2)| =" —1")(| P'(0)| +[Q'(0) [1dr
R'—1 R"-1

= (R" —DMax;,_, | P(2)|~(| P'(0)| +]Q'(0) |>[ —

for 0 <0 <27 and R > 1, which is equivalent to the desired result.

The proof of (20) follows on the same lines as the proof of (19), but instead

of using (17), it uses (18).

Lemma 4. If P(z) is a polynomial of degree n>2 having all its zeros in

|z|<k,k>1, and
P(0)= 0, then

n

2k
Max,_, | P(2) > H_—kMalel:l | P(z)]

n (k| P'O)[+k"" 4" O]
(4k")
[k” —1 k"1
X J—

n n—

]forn>2,

and

n

2k
Max,_, | P(z)[> H_—anaxm:l | P(2)|

(k| PO [+£"" 14" ) ]) (k=1)"
(14" n

for n=2,

(24)

(25)
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1
where Q(z)=7" P[:] )

Z

Proof of Lemma 4. Since P(z) has all its zeros in | z|< k,k > 1, we write
p@=a[](z=re")
j=1

where a = 0 and 1 < k,j; 1,2,....,n.
Then, clearly for points e’ 0<0<2m , other than zeros of P(z), we have

n (kze'y - rjeief)
i (e”’ — rjew’)
n |k 417 —2kr, cos(0—0,)
1—|—rj2 —2r,cos(0—0,)

P(kZeiﬁ)
P(eif))

j=1
>[[k=k".
=

This implies,
| P(Ce") 2k | )]

for points e”,0 <@ < 27, other than the zeros of P(z). Since this inequality is
trivial for points ¢” , which are the zeros of P(z), it follows that

| P(k*2) [> k" | P(2)| for | z|=1. (26)

Let G(z) = P(kz) and H(z)= z”G[é] =7"P é] Applying inequality (19) to
Z Z
the polynomial G(z), we get for |z|=1 andk >1,

|G(ka) |+ | Hk2) |< (K" + DMax,_, |G(2)|

K'—1 k"7 —1
—(|G'(0)|+| H'(0) |)[ - 5 ]forn >2.
Equivalently, for |z| = 1
| P(K*2) | +k" | P(2) |< (1 + K" )Max,_, | P(2)|
n _1 n—2 _1
—(k|P’(O)|—|—k”‘1|Q’(O)|)[k —k 2 ]forn>2.

10



This gives with the help of (26) for |z] = 1

2k" | P(2) |< 1+ k")Max,_, | P(2)|

/ n—11 /' ”_1 ”_2_1
(k| P'(0)| +k IQ(O)I)[k _k ]

n—2
From which inequality (24) follows for n > 2.

The proof of the lemma for n = 2 follows on the same lines as that for n
> 2, but using inequality (20) instead of inequality (19).

Next we prove the following result which gives an improvement of the
above lemma by involving the term min,_, | P(z)|as follows.

Lemma 5. If P(z) is a polynomial of degree n > 2 having all its zeros in |z| <
k, k> 1, and P(0) = 0, then

n

2k k
Max,_, | P(z) > T —— Max,_ 1|P(z)|+[

n

—1
]M’”m AP

+1
L kIPOL+ Q') on
(A+k")
x[kn R ]forn> 2,
n n—
and
2k" k" —1
Max||k|P(z)| T MalelP(Z)l‘i‘ PC Mm||k|P(Z)| (28)
+<k|P<0>|+k"* T
(I+£k") n

where Q(2)=7" P[%] .

Proof of Lemma 5. Since P(z) has all of its zeros in |z|<k,k >1, then by
Rouche’s theorem, the polynomial F(z) = P(z) + \m with |\|<1, where
m = Min_, | P(2)], also has all its zeros in |z|<k,k>1. So, on applying
Lemma 4 for n > 2 to the polynomial F(z), we have

n

2k
Max,,_ le(Z)|> L Max,,_ | F@)|

L (K] F'0)|+k"" | T"(0) |)[k" ~1 K21
(1+%") n 2 J

n—
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1 —
Where T(z)=2"F P[:] +Am |=0(2) + Amz"
Z

T] .
==z
Z

This implies for n > 2

n

2k
Maxy | PQ)|+[Am 2 == Max,_, | P@) + Am|

Lk | P'(0)[+k""[Q'(0)])
(1+k") (29)

K'—1 k" =1
X - )
n n—2

If we choose z, so that Max,_, | P(z) |=| P(z,)| and also choose argument of
X suitably, such that

Max,,_, | P(2) 4+ Am |=| P(zy) |+ | A | m,

the inequality (29) becomes

Max,_, |P(Z)| +[A|m > li_k;;,, {P<Zo> +|)\|m}
. (k[P (0)]+ & |’ (0)])
(1+&")

k”—l_k”’z—l
n n—-2 1|

Which on simplification gives,

2kll (kil _ 1)
Max, ,_, | P(z)[> ——Max,,_, | P(z)|+ |\ m
2=k | (Z)l 1+ K" lz|=1 | ( )l | | k" +1)

L KIP'O+]0'0) |>[k" —1 k" 1]
(14 k") '

n n—2

Finally letting |[\|—1, we get the desired result for n > 2.

The proof of inequality (28) follows on the same lines as the proof of
(27), but instead of inequality(24) of Lemma 4, we use the inequality (25) of
the same lemma.

3. Proof of the Theorem

The polynomial G(z)= P(kz)= anHZZI(kz —z;) has all its zeros in [z| < 1
and we have

12



so that for 0 < 6 < 2=«

i 10 10 n i0 n
G(Zﬂ_ G(e E:R . k
G(e") | A Rr=tas i
This implies
Max,_ |G'(2)|> y ——Max,,_, |G(2)|,
|z]=1 | | ; k—|— | ZJ | |z]=1 | |
equivalently
m&mﬁﬁpkhﬂzig IIAM%%JP%OL (30)
J= Jj
Since P'(z) is a polynomial of degree n — 1, it follows by (17) that
k(knilMWﬂd:l | P'(z) | —(k""" —kn73) |P'(0)])> Z Max,_, | P(2)].

k+z; |

j=1

Now using inequality (27) of Lemma 5 in above inequality, we get

K" Max

PG =K 2| Py
lz]=1
f k 2k"
Cj=rkrl e

KM —1]
— |miny g | P(2)|

1+ &"

+

kPO Q')
(1+ &™)

AL L R |
>< —
n n—2

implying

Maxl =1 |P(Z)|

Some Inequalities
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z k 2
Max, |P'(2)[>> {— Max,_, | P(2)|

=S EIEEY S
(k" —1) .
——————min P
kn (1 + kn) lz]=k | (Z)l
L KIPO]+E" Q@D (K =1 k" 1
k"(14+Kk") n n—2

1 o
Hi-&]irol

from which the theorem follows for n > 2.

The proof of the theorem for n = 2 follows on the same lines as that of
n > 2, but instead of using inequalities (17) and(27) of Lemma 2 and Lemma 5
respectively, we use inequalities (18) and (28) of the respective lemmas.
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