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Abstract: The present study deals with the estimation of unknown variance
using two auxiliary variates under simple random sampling without
replacement (SRSWOR) scheme. We have also extended our work to the case
of double sampling scheme. The asymptotic expressions for the mean squared
errors of the proposed estimators are derived and their optimum values have
been obtained. A comparison between the existing and the proposed class of
estimators of Sy2 has been made empirically with the help of two population
data taken from [1] and [10].

Keywords and phrases: Proposed estimator, Double sampling technique,
Bias(B), Mean Square Error (MSE), Optimum estimator.

1. INTRODUCTION

In theory of sample surveys, we are estimating the population variance Sy2 of
study variable y. It is well known that use of auxiliary information improves the
precision of proposed estimator. If information on an auxiliary variable is readily
available then it is a well-known fact that the ratio-type and regression-type
estimators can be used for estimation of parameters of interest, due to increase in
efficiency of these estimators. The problem of estimating the population variance
of Sf, of study variable y received a considerable attention of the statistician in
survey sampling including [2], [3], [4], [5-7], [12], [13], [14], [15-16], [20] and
[18] and have suggested improved estimators for estimation of Sj

Let ¢, (i=1,2,........ ,N) be the population having N units such that y is
highly correlated with the auxiliary variables x and z. We assume that a simple
random sample without replacement (SRSWOR) of size n is drawn from the
finite population of size N. Let (s*,s7?)and(s?,s7,s;) be the sample variances

defined overn’ and n and Sf , SZ2 and Sf, be the population variances of variables
X, z and y respectively.
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To estimate the population variance Sj of study variable y, consider two
cases:
* The population variances S> and SZ2 of auxiliary variable x and z are
known.

* When both S? and S? are unknown.
Where, §° :LZN:(X -X),Ss’ :LZN:(y —Y),S’ :;ZN:(Z -Z).
: N_li:l i o N_]i:] ’ o N_li:I l

2. LARGE SAMPLE APPROXIMATIONS

2
2z

s’ = (1+¢/)S2, such that E(e,)=E(e’)=0,(i=0,1,2) .
Z 2 z

2 _ 2 2 _ 2 2 ne2 2 _ 2
Let,sy —(1+€0)Sy,sx —(1+51)Sx,sx —(l—l-al)Sx,s —(1+£2)Szand

Also to the first order of approximation, we have
E(‘g;) = FYIVZOO ’E(glz) = %V;to’E(éf) = ’YIVZOA E(€1€2) = 71v

*

022° E(E()E] )= 71v2

20
E(€,§) = 72V100 ’E(E,lz) = ’YZV;‘O,EQ?’;) = %V:)M»E@’l €)= 'yzv:)zz’E(E’o €’)
= 72V220’E(5 0ER)= Vzvlzoz and E(gpe,) = 71v202 .

h 71 71 71 1 A 1 d _ /p/Zq/Zr/Z
Where,y, = —,y, =—.y=|——— |V, =V, =DandV = (u 1 e, iy, )

n n n n’

pl2. ql2 ri2

1 —\P —\d —\r
andqur = (/i,,qr /Mzoo Nozoﬂogz) and Moy = —Z(yi —Y) (Xi —X) (Zi —Z) ;
p,q.1, being non negative integers. N

3. ESTIMATION OF 5? WHEN BOTH S> AND S? ARE KNOWN

In case when Sf and 52 are known, the conventional unbiased estimator is
given as )

The conventional unbiased estimator, S} = s §)(s2
Usual chain- ratio type estimator, respectively defined by, 7, = si [S_;][_Z]

2
s7

The expressions of the variances and mean square error (MSE) of 3‘; and t,,
up to first order of approximation, are given by

var(S;) = 7,5,V (1)

MSE(tR) = %S;1 [VZOO + me + V(*>04 - 2V;20 - Zv;()z + 2v:)22] 2

194



Motivated by [8], we proposed a generalised estimator for estimating the
population variance Sy2 ,as

s a(s’ —58%) s c(s>—8%)
T :sz.k 2 expl—————+t+k 1=t exps———— (3)
e ‘Lj} p{sf+b(sfsj) s P S?+d(s>—S7)

where, k .k, are weights, g and g, are constants a, b, ¢ and d are either real
numbers or the functions of known parameters.
Note: Here we will use the notations Tp(l) and Tp(z), rather than Tpfor two dif-
ferent cases (ie: k, +k, =1 and k, +k, =1).

Bias and MSE of the suggested method are derived under two different
conditions:

e Case 1: When k, +k, =1, where k, and k, are weights.

Theorem 2.1: Estimator T,
expressed as:

{equation (3)}in terms of €,;i = 0,1 could be

Tpr(l) = Sj [1 +& + kl {61771 + 512772 +EE, } + kz {52773 + 55774 +&&, H “4)

2
a M}’TIS :(C_gz) and

Where, n, =(a—g).n,= {?—ab—agl +

¢’ 8+
mz{;—cd—cgzjt% :

s a(s’ —§7) s ] (s’ =59
k‘ — CXP + +k’ —_ CXP —)
{Sf} isﬁb(s\sf)} Lf} {SZH(S‘S‘Z)}

=+e)8 [k +e) “exp{as (1 +be) frk+e) " exp{ee, (1 +de)' ]
,|bg,
(I+e) *,(A+bg) '(1+e,)®

and (1+de,)”" are expandable. By expanding the right hand side of equation
(5) and neglecting the terms of ¢/'shaving power greater than two, we have

Proof:

>
T =s

pri)

S))

Here we assume |€1

,|€2|and|d€2|< 1, so that the terms

T, =S [k(+e){t+em +ein f+k0+e){1+em +en,}| ©
T,,= Sy2 [1 +e, +k {6177] +eim, +eEm, } +k, {52773 + e, + €5, H

pr

Theorem 2.2: Bias of Tpmis given as
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B[T, r(l)] [ {nzvmo + nlvzzo} +k, {774v004 + 7]3V202 H @)

-S;]

pr(l) y

Proof: B(T,,)=EIT,
= S\?E[é‘o + kl {Elnl + 512772 + 50617]1 } +k2 {82773 + 62”74 +5052773 }]

52 . « .
B(T,.q) = [ {nzvom + 1V } +k, {nav(m 15V }]

Theorem 2.3: Mean square error of T

:Ol]is
n

Wy Up to the first order of approximation

4

MSE[T, 1= vjoo + kI A, + K B, +2Kk,C, +2k,D, + 2k, E, 8)

Where, A= V040,B =1 voowc vzzo’D = nsv;m and E, =7, %ngz

Proof:

2.2

MSE[T  1=E[T  —S]

pr(1)

—SE[E +k77€ +kn€ +2knee +2knee, +2kk7777€5]

371 2 (9)
S .

1= [V, + KA + (1 +K —2k)B, +2kC, +2(1—k)D, + 2k (1 - k)E, |
n

MSE|t

priy

Differentiating equation (9) w.r.t k, and equating it to zero, we get the optimum
(B,+D,—C, —E)
(A +B,—2E))

Putting the optimum value of k in equation (9), we get the minimum MSE of
the suggested method T

value ofk as k =

p(D)’
e Case 2: When k, +k, =1, where k and k, are weights.
Theorem 2.4: The estimator T , (equation.3) in terms of €'s, could be

PQ)
expressed as:

pr(2)

T, =S [k {1+e,+em +eim, +een}+k {1+e +en, +en, +eem}]
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’ 1
Where, m‘Ta—goﬂb‘wgf_“b—a&—%&§2+ 1

c’ 8 (g, +1)
={——cd—cg, +2222 1.
e L 8 2

st | a(s’ — 8) st ]” o(s” —S")
k' _; exp 2 - 2 : 2 + kz _2 exp 2 - 2 - 2
s S +b(s. —S) s S +d(s. —S))

—8 _ —8
1 1 2
kl(l—i-al) exp{ael(l-i-bal) }+k2(1+€2)

Proof: 7, =

_ 2
=+ £ )Sy

(10)
exp{c52(1 + daz)’l}}

Here we assume |51 be, ,52|and|d52|< I, so that the terms

(I+e) *,(A+be) ' ,(1+¢,) % and (1+de, ) are expandable. By expand-
ing the right hand side of equation (10) and neglecting the terms of €'s having
power greater than two, we have

B

T,.,= S_f [kl {1 +e tem + 512772 + 6051771}

(1D
+k, {1 + ey + 15 +E3m + s H
Theorem 2.5: Bias of T, , is given as:
S2
BIT, ,1=—"|k {1 0 ;
(7,1 " [ 1{ + 1,V +771V220} (12)

+k, {1 1,V o4 +1,Vop0 | — 1]

Proof: BT, , 1=E[T,, —S;]

y

=S’E[k {1+e, +em +ein, +eem f+k {1+e, +em, +ein, +eem, -]

2

S y * * * *
B[Tpru)] = 7)[](1 {1 + nzvmo + nlvzzo } + kz {1 + n4voo4 + nzvzoz - 1]

197

A Generalised

1, =(c—g,)and Family of Estimator

for Estimating
Unknown Variance
Using Two
Aucxiliary Variables




Singh, VK
Singh, R

Theorem 2.6: Mean square error of T, , up to the first order of approximation

18:

r(2)°

MSE[Tpr(Z)] = Si [1 + k12A2 + k2232 —2kC, —2k,D, + 2k1k2E2] (13)
Where,

* =

Ir_. ) . Lr . 2 .
Az =1+ _[v4(x) + (nl + 27]2 )v + 4n1v220]’B2 =1+ _[vzmo + (ns + 27]4 )V + 4nsvzuz]
n n

040 004

1 . . 1 . «
C,=1+ ;[T]zvmo + nlvm],Dz =1+ ;[mvom + nsvzoz]

E, =1+ ;[Vmo 1, Voo T 0,V 20V +20,V o, + 00,V

Proof: From equation (10), we have

(7, ST =8k {ire ven vem teen i {ive ven v e }-1]
After expanding the above equation up to the first order of approximation ie:

0[1] and then taking expectations of both sides, we get
n

MSEIT, , 1=S.[1+ k' A, + & B, — 2k,C, — 2k, D, + 2k k,E,

Minimising equation (13) with respect to k, and k , we get the optimum values
k, and k, respectively given as

. _AD,—CiE,

. BC,—DFE
ko =_2"2 2772 ndk2 >
Asz_Ez

al
] Asz - E22

Putting this value of k, and k,in equation (13), we get the minimum MSE of

the suggested estimator 7', , .

4.ESTIMATION OF Sy2 WHEN BOTH 5? AND 5S> ARE UNKNOWN

Consider a finite population with N (< oo) identifiable units. Let y be the
variable under study taking values y;(i=12,.......... N)for i unit of the
population. To estimate the population variance Sy2 of y in the presence of two
auxiliary variables, when the population variances of x and z are not known
and SRSWOR scheme is used in selecting samples for both the phases. The
following two phase sampling scheme may be recommended.
1) The first phase sample s' of size (n’< N) is drawn in order to observed x
and z.
2) The second phase sample s of size n (n<n') is drawn in order to observe
y, x and z.
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Let s!* and s/° be the unbiased estimators of S and S? respectively, based gn
first phase sample s7; s/>,s"> and s 2 be the unbiased estimators 52,82 and "+
, respectively, based on second phase sample‘s’. When S? and S 2 unknown
then usual unbiased and ordinary ratio estimator are given as
Usual unbiased estimator S = s
Usual chain ratio-type estimator in two phase sampling, is defined as

: 2 s
i

st se

X

MSE’s expressions for the estimators S’f andt, , up to the first order of
approximation are ,respectively, given by

s

MSE(S}) =S, % V.0 (14)

MSE(t )* [ 40071 Jr’.}/vow +7v *Z’YV* 2’szoz +2f}/v022] (15)

when S? and SZ2 are not known a priori, then under double sampling technique,
suggested estimator T, takes the following form:

2 & 2 2 2 )% 2 2

s a(s. —s’) s c(szfsz)
)Zkl _2 exp 52 2 2 +k2 2 exp 2 2 2
s s7+b(s, —s7) s sT+d(s. —s7)

T =5

pr

(16)

where, k k. are weights, g and g, are constants and a, b, ¢ and d are either real
numbers or the functions of known parameters.
Note: Here we have taken the notation 7°,, and 7"’

two different cases (ie: k, +k, =1 andk +k, =1 ).

To obtain the bias and mean square error of the suggested estimator we have
the following two conditions given as -

Case 1: Whenk, +k, =1, where k, and k,are defined weights.

Theorem 3.1: The suggested estimator T . (say equation 16) in terms of E;S,
could be expressed as:

) » father than T for

pr1)

Jive, vk {a—g)e —)+el0 +e80, +ee0 +(a—g)ee, —<e)}

prl)

+h{c—g)e, —e)+el0, +e20, +ee0, +(c—8)eeE, —ee)}

where,

2

le%—ab—gla—i—

2

+1
&& £ ),QZZ%—i-a—ab—agl—i-

gl(g1_1)
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2
+1
QS:2ab—a—az+2ag1—gf,Q4:%—cd—g2c+%

2

c gz(gz_l)
=c+——cd—g,c+22 2
0; > & 5

,0, =2cd—c—c" +2g,c—gi

Proof:
8 2 ] 82 2 2
. 5|, s’i l a(si —s’i |8 c(s; —s’;,
Tpr(l) =95 kl — [ P12 2 (T kz [ XP1 2 7 2
s7 s +b(s. —s’, s, sT+d(s; — s,

, k;(l +e )" (4¢€) " exp {(aeI - as; )1+ 5; +be, — bs; ) } + k;(l +e,)%0+¢) "
=5

exp {(052 —ce ) +e, +ds, —de) " }

After expanding and arraigning the above equation up to the first order of
approximation, we have:

etk {@—g)e —e) b0 +eT 0 10 Ha—g e e}
T =5

pri1) y

] an

+k, {(c —g,)e, — 5;) + sz 0 +e ’i o + szs;Qﬁ +(c—g)ee, — 5"5; )}

where, coefficient term of €;’s are already defined.

Theorem 3.2: Bias of Tl;,(l) is given as

B(Tp.r(l)) = Sj [kl {Ql’ylv;ﬂ) + ’72V340 (Qz + Qz) + (a - gl)’}/v;zo}

"'_k; {Q4’71V;40 + 72v240 (Qs + QG) +(c— 8, Vel V;o H

Proof: Subtracting Sf, from both sides and taking expectations of equation
(17), we have

kl, {Q171v240 + 72v240 (Q, + Q) +(a— gl)’Yv;zo}
+ké {Q471VZ40 + '72v(*>40 (Qs + Qe) +(c— 8, )7 v;o}

Theorem 3.3: Mean square error of TI;
is given as:

MSE(TI;M)) = Sj

B(T,.)=S; (18)

-1 » Up to the first order of approximation

Vi | |24+ 1B+ 2kC +2K,D + 2k K.E
n

Or
MSE(T

pr(l)

v, : : : : : :
—% 4 kA, +(—k)’ B, +2kC, +2(1—k,)D, + 2k ,(1—k)E,
n

4
)=5"
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where, A Generalised

2ot 2ot * * * Family of Estimator
Ay =17 Vs By =157 Voo G = 1Y Vg, Dy = 11,7 Vi Es = 0117 Vi, gor Estimating
such that 7, =(a—g,)and 7, =(c—g&,) Unknown Variance
Using Two

Proof: from equation (18), we have Auxiliary Variables

(Tp’r(l) - Sy2 ) = S; [50 + k(e — ) + k;na (e, —&, )] ’

After squaring and taking expectations of both sides of the above equation, up
to the first order of approximation, we get

\v , . . . , .
.Jﬂ+hm{+ﬂ—hya+qu+@ﬂ—kﬂ%+2kﬂ—kﬁg0%
n

MSE(T, )=S.

Differentiating equation (19) partially w.r.t. to k, , we get the optimum value of
k, for minimum MSE as:

]

Ba +D3_C3_E3
A, +B, -2E,

1

Putting the optimum value of k*in (19), we get the minimum MSE of the
suggested estimator 7, .
Case.2: When k, + k, = 1, where k, and k, are defined weights.

s |” a(s’ —s7) s? " c(s’—s57)
S ey e ey SS e B T
s s7+b(s. —s7) s sT+d(s. —s7)

Theorem 3.4: The suggested estimator T,;

2
pr2) Sv

(20)

.2y interms of €, s, is written as

T, =S[k{l+e +n —c)+e0 +c30, +ee0 +1,(ee, —c,)}

+k; {1 +e, +, (Ez - Ez) + EzzQA + Ei Qs + EZE;QG +, (5052 - 508; )}]

where, 7,,7,,0,,0,.0,,0,.0; and O, are defined in theorem 3.1 and 3.2.

Proof:

Tp;m = sj [klv(l +e )" (I+¢) " exp {(as1 - ae; )+ E; +be, — be; ) }

(21)
+k;(1 +¢e,)%U+¢,) " exp {(cs2 — cs; )1+ 5 +de, — ds%)fl }

After expanding and arraigning the above equation (21) up to the first order of
approximation, we have
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Sf[klv{l—l—so—i—nl(s —6‘)+52Q —0—5’2Q +55‘Q3+771(505] —608;)} (22)

—O—k;{l—i-so—i-n}(e 5)+EQ +e€’ Q +55Q +7]q(€052—€0z’:‘;)}]

pr2)

where, coefficient term of ¢,’s are already defined.

Theorem 3.5: Bias of suggested method T . is given as

pr(l)
k£ {1 + Q1’71v340 + ’72VZ40Q2 + 72VE4OQ3 + 0 VZZO}

B(T”(z)) = SZ ’ * * * #
+ k2 {1 + Q4’}/1V004 + 72VOO4Q5 + ’Y2VOO4Q6 + 773’7v202}

Proof: Subtracting Sy2 both side of equation (22), we have
T.-S

k, {1+€“ +1 (g, 75;)+€IZQ] +E,?Q2 +5€Q +n(ee — 5”8;)} (23)

10T

=5
+k; {1+£0 + 7, (¢, —s;)+an4 +a’j 0, +5252Qh +n(ee — 505;)}—1

3072

Taking expectations of both sides, we get the required bias of the suggested
method as

k; {1 + Q1'71V240 + 72V*040Q2 + 'sz;sz + 7717v220}

B(T r(2)) = S2 ) * * * *
+k, {1 +0,% Vo 7% Vouls + 7Vl + 1057 V202}

y

Theorem 3.6: Mean square error of the suggested estimator T r2)» 18 given by

MSE(T,, ,)=S:[1+ k7 A+ k3 B—2kC —2k,D + 2k k,E|

where

2 .
A= — V ,3 } +4nAV . |

n

’

1+V {Q Q Q}—H]WV }

s

n n n

v, .
1+ﬂ+vm{n7+g+Q +Q—i}+v {rm+Q—+Q Q,}

E= n n n n n n’ n

3 ’

20, 20,
B=|1 +V004 {772’}/-‘1- —‘ +— }+4mvm
n
0

C=1+V, {Q‘ +
n

s

., 2
+=t+nyV,, |.D
n

a

+20,7 YV, + 209V, F 01,7V,
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Proof: we have A Generalised
Family of Estimator

’ ‘ 2 2 : ’ for Estimating
g k, {1 +e,+n(e —¢)+e0 +¢e’ 0, +€£0, +n,(ee —&5 )} Unknown Variance

pr(2) e . , 2 . , .
+k, {1 +e, +n,(e, —¢,)+,0, + 5’2 0, +¢,6,0, +1n,(cc, — €5, )} —1 Using Two

Aucxiliary Variables

After squaring and taking expectations 6f both sides of the above equation up
to the first order of approximation, MSE of the estimator

MSE(T,, ,)=S:[1+ k7 A+ k3 B—2kC—2k,D+2kkE|  (24)

The optimum value of k, and k, is obtained by partially differentiating equation
(24) w.r.t.k, and k, for minimum MSE, as

. [BC—DE]andk*. [AD—CE]

=

2

AB_E° |l aB—E

Putting the optimum values of k’ and k7 in (19), we get the minimum

MSE(T,, ).

6. EMPIRICAL STUDY

Population 1: For empirical study we have taken the data of [10], which
contain the data of 34 villages. The variables are:
y- Area under wheat in 1964.

x- Area under wheat in 1963.
z- Cultivated area in 1961.
Also,

Vi =3.726,V ,, =2912,V , =2.808,V,, =3.105V,, =2979,V ,, =2.738

004 220 202 022

Sy2 =22564.56,5> =197095.3,5° = 2652.05,S,, = 60304.01,S_ =22158.05
n=7,n"=15N=34

Population 2: The data for the empirical study are taken from [1]. The
population consists of 340 villages. The variables are:
y- Number of literate persons.

x- Number of household.
z- Total population in the village.

To estimate the variance of y, we have used x and z as the prior information.
From the data set, we have
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Singh, VK Table 1: Percentage Relative Efficiency (PRE) for population-1.
Singh, R

Estimator a b c d g g, PRE
2 100.00
Sy
t, 135.2941
T 1 1 -1 1 1 1 658.7851
pr(l)
0 1 -1 1 1 1 927.2479
0 1 1 1 1 1 897.380
T, 1 1 -1 1 1 1 4417.39
1 1 -1 1 1 0 5256.36
0 1 -1 1 1 1 1365.2191
’ 1 1 1 1 1 -1 182.6071
Tpr(l)
-1 1 -1 1 1 -1 190.078
-1 1 -1 1 1 0 186.5093
T 1 -1 -1 1 -1 1 404.3805
pr(2)
1 0 -1 1 -1 1 347.8099
1 -1 -1 1 0 1 342.1697

Note: Here the notations T

o> Do) stands for suggested estimators in single

phase and respectively Tp' T

w1y Dyrizy 18 for two phase sampling.

N =340,n"=120,n= 50,5)2, =71379.47,57 =11838.85,5> = 691820.23
Voo = 9.90334289,V,, = 7.05448224,V,  =8.2552346,V,, =6.31398563
Vi = 8.12904924,V,,, = 6.13646859

The percentage relative efficiency (PRE) of estimator is defined as

VAR(S?)
X

———x100
MSE(*)

PRE(*) =

204



Table 2: Percentage Relative Efficiency (PRE) for Population-2. A Generalised
Family of Estimator

Estimator a b c d g g, PRE for Estimating
Unknown Variance
Sy2 100.00 Using Two
Aucxiliary Variables
t, 115.1561
1 1 -1 1 1 1 521.62661
T,
0 1 -1 1 1 1 342.12
0 1 -1 1 0 1 409.4370
T 1 1 -1 1 1 1 868.2550
pr(2)
1 0 -1 1 1 1 2494.1349
1 1 1 0 1 -1 709.3792
T 1 1 -1 1 1 1 189.21
prD)
01 -1 1 1 1 170.3568
1 1 -1 1 -1 1 169.3268
’ 1 -1 -1 1 1 1 315.53
Tpr(Z)
1 -1 -1 1 0 1 342.16
1 -1 -1 1 -1 1 404.38
Note: Here the notations 7, ,,T,,,, stands for suggested estimators in single
phase and Tl;r 0 T[;r(z) stands for suggested estimators in two phase sampling.
CONCLUSION

From the above Table 1 and Table 2, we observed that, the suggested estimators
T, T, (in single phase sampling) and T, ., T, ,, (in two phase sampling)
perform much better than the usual unbiased and ratio estimator.
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