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Abstract In this paper we show how to reduce the study of nondegenerate local
Goldie (-1, 1) rings to the strongly prime case, via the notions of uniform ideals
and essential subdirect product. Also we construct the maximal left quotient
ring of (-1, 1) ring that is a left quotient ring of itself. We follow Utumi where
a maximal left quotient ring is constructed as a direct limit of partially defined
homomorphism from left ideal of R to R.
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1. INTRODUCTION

Goldie Theorem is certainly one of the fundamental results of the theory of
associative rings. Today this Theorem is usually formulated as follows: A ring
R is a classical left order in a semisimple (equivalently, semiprime artinian)
ring Q if and only if R is semiprime, left nonsingular, and does not contain
infinite direct sums of left ideals. Moreover, R is prime if and only if Q is
simple. Whereas the theory of rings of quotients has its origins between 1930
and 1940 in the works of Ore and Osano on the construction of the total ring of
fractions. In that decade Ore proved that a necessary and sufficient condition
for a ring R to have a (left) classical ring of quotients is that for all regular
element a € R and b € R there exist a regular c € R and d € R such that ¢cb =
da (left Ore condition). This Ore conditions were also used by author in [9] to
study the properties of ascending chain conditions in (-1, 1) rings.

Fountain and Gould (1990), based on ideas from semigroup theory,
introduced a notion of order in a ring, which need not have an identity, and in
the following years gave a Goldie — like characterization of two — sided orders in
semiprime rings with descending chain condition on principal one — sided ideals
(equivalently, coinciding with their socles). Anh and Marki (1991) extended this
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result to one — sided orders, and in (1994) the same authors developed a general
theory of Fountain — Gould left quotient rings (we point out that the maximal
left quotient ring plays a fundamental role in this work).

It is natural to ask whether similar notions (and results) can be obtained for
(-1, 1) rings. In this work we show how to reduce the study of nondegenerate
local Goldie (-1, 1) rings to the strongly prime case, via the notions of uniform
ideal and essential subdirect product. We shall also introduce as a tool, the
notion of general left quotient rings and related properties of a ring to any of
its general rings of quotients. We construct the maximal left quotient ring of
(-1, 1) ring that is a left quotient ring of itself and prove that this is a (-1, 1)
ring when A(R) is semiprime or 2-torsion free. We finish giving explicitly the
maximal left quotient ring of particular (-1, 1) rings.

2. PRELIMINARIES

The following three basic subsets can be considered in a nonassociative ring R:
the nucleus N(R), the commutative center C(R) and the center Z(R) defined by
NR)={ne R/(n, R, R)=(R, n, R) = (R, R, n) =0}, also known as associative
center C(R)= {c € R/[c, R]=0}and Z(R) = N(R) N C(R) where [x, y] =xy —yx
denotes the commutators of two elements x, y € R and (x, y, z) = (xy)z — x()z)
is the associator of the three elements x, y, z of R.

The defining axioms of (-1, 1) ring R are (x, y, y) =0 2.1

and S(x, y, z) =0 foreveryx, y,z€ R (2.2)

where after linearization of (2.1) we obtain (x, y, z) + (x, z, ¥) = 0 and S(x, y, 2)
is nothing but (x, y, z) + (3, 2, x) + (2, x, y). In fact there are many results where
we can see a (-1, 1) ring becoming an alternative ring. The standard reference
for alternative rings is [12].

From now on, for a ring R, R' will denote its unitization, that is, R if
the ring is unital, or R X Z with product (x, m)(y, n) := (xy + nx + my,
mn) if R has no unity.

The nucleus and the associator ideal of a (-1, 1) ring will be very important
notions in this theory. Given a ring R, every ideal contained in the nucleus
of R will be called a nuclear ideal. The largest nuclear ideal of R will be the
associative nucleus denoted by U(R) where U= U(R)= {x € R/xR' Cc N(R)} =
{x e R/R'x c N(R)}. By A(R) we will mean the associator ideal, i.e., the ideal
of R generated by the set (R, R, R) of all associators.

If X is a nonempty set of a (-1, 1) ring R, then the left annihilator of X is
defined to be the set lan(X) = {a € R/ ax = 0 for all x € X}, written lan (X)
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when it is necessary to emphasize the dependence on R. Similarly the right
annihilator of R ran(X) = ran (X), is defined by ran(X) = {a € R/ xa = 0 for
allxe X}.

We also write ann(X) = ann (X) = lan(X) N ran(X) to denote the annihilator
of X. It is easily seen that if X is the left (right) ideal of R, then ran(X) (lan(X))
is a right (left) ideal of R, and if X is an ideal, then /an(X), ran(X) and ann(X)
are ideals of R.

For every subset X of R we have the third annihilator property :

lan(ran(lan(X))) = lan(X) and ran(lan(ran(X))) = ran(X).

A ring without nonzero trivial ideals (i.e., ideals with zero multiplication)
is called semiprime. By [8] every semiprime alternative ring does not contain
nonzero trivial left (right) ideals and hence so is in the case of (-1, 1) rings. An
element a of a (-1, 1) ring R is called an absolute zero divisor if aRa = (0). The
ring R is nondegenerate (or strongly semiprime) if R does not contain nonzero
absolute zero divisors.

Proposition 2.1: Let / be an ideal of a semiprime (-1, 1) ring R and denote 7t :
R — R the canionical projection of R onto R = R/ ann(I). Then

(1) lan(l) = ran(l) = ann(l) is a two sided ideal of R.
(i1) I M ann(l)=0.
(iii) Risa semiprime (-1, 1) ring.
(iv) 1 is an essential ideal of R if and only if ann(l) = 0.
(v) I=m(l) is an essential ideal of R.
If R is nondegenerate, then
(vi) ann(l) = {x € R/ xIx=0}.
(vii) R isa nondegenerate (-1, 1) ring.
Proof: (i) Let x € Lan(l). We will see that x € ran([).
Foreveryre Randy e I,

(@) r(yx) =-(r, y, x) + (ry)x

=0, x N+ 5y +yx (S, y, z)=0i.e., from (2.2))

=—0O,rx)—(x,y r)+ (ry)x from (2.1)

= (ry)x.

(®) (r)y = (1, x, y) + r(xy)

=—(x ¥ r) =k x) from (2.2)

=—(x, y, r)=0from (2.1)

From (a), Ix is a left ideal of R and from (b), (Ix)> = 0. Since R is semiprime,
Ix=0.
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Similarly we prove ran(l) < lan(l)

(i1) We have (I m ann(]))* < ann(l) = 0, and by semiprimeness of R we obtain
Inann(l)=0. _ _ _
(iii) Let J = m(J) be an ideal of R, with J an ideal of R, such that (J)*= 0.
Since S < ann(l), (I N J)* < Sl + I < ann(l) = 0 and semiprimeness of
R implies I N J = 0. In consequence IJ = 0 = JI, which implies J =0 .
(iv) If 7 is an essential ideal of R, then from (ii) / N ann(l) = 0 implies ann(l) =
0. Conversely, suppose ann(l) = 0. If J is an ideal of R satisfying J m /=0 then,
since IJ c InJ=0.By (i), J < ann(l) = 0 and hence / must be essential.

(v) By (iii), R is semiprime, so by (i), lan_(I) = ann(I) . Hence and by

(iv) it is enough to prove that lan (I)=0. Let rbe inlan_ () . Then rl
I M ann(l), which is zero by (iii). And by (i), r=0.

(vi) By [4] the Jordan annihilator of / (see note after Lemma 1.3), ann’/(]),
which coincides with the set {x € R/ xIx =0}, is an ideal of R such that ann’(])
M I = 0. This implies (ann’(I) N I)* = 0 since R is semiprime, ann’(l) I = 0.
Hence ann’/(I) < lan(I) = (by (i)) ann(l). The inclusion ann(l) < ann’(l) is
obvious.

(vii) Assume that there exist z € Rsuchthat 2 p gz = 0 for every b e
R. In particular, for every b € I we have aba € I n ann(l), which is zero
by (iii), and therefore a € ann(l), by (v). ¢

Every (-1, 1) ring R with Z(R) = 0 and such that every element has finite
left Goldie dimension will be dimension will be called a left local goldie (-1,
Dring. If additionally R has finite left (global) Goldie dimensions then R will
be called left goldie (-1, 1)ring right and two-sided corresponding notions are
defined dually.

Following [12], given a ring R we call every ideal contained in the
associative center N(R) a nuclear ideals, and the largest nuclear ideal the
associative nucleus of the ring R. We denote the letter by U = U(R). This ideal
of R can be characterized as follows. (See [12] [proposition 8.9]).

U={xe R/xR'"cNR)} ={xe R/R'xc NR)},

For a left ideal L of a (-1, 1) ring R, denote by L the largest ideal of R
contained in L. ¢
Lemma 2.1: Let L be a nonzero left ideal of a semiprime (-1, 1) ring R.
Then:

(i) N(L)=LNN(R)

(i) Z(L)y=L N Z(R)

(iii)) U(L) =L N U(R).
Proof : (i) It is sufficient to prove the assertion in the case when the ring
Ris prime. Leti, j € L; a € R, b € R .Then by the linearized Moufang
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identity b(i, j, a) = - j(i, b, a) + (i, j, ab) + (i, b, aj) € L whence (L, L, A)
vV

c(L:A%)= L.Now if L =(0), then (L, L, A) = (0), which by Lemma 5
in [12] implies L < N(R). It is easy to see that in this case the assertion
of the Theorem is true.

But if L # (0) then Lemma 8.10 in [12] 7(L) # 0. For any element n
€ N(L) we have (n, L, L) = (0), whence by Lemma 9.1 in [12] (n, R, R)
C Ann T(L). Since the algebra R is prime, we obtain Ann T(L) = (0), and
consequently n € N(R). Thus the inclusion N(L) = L n N(R) is proved.
The reverse inclusion is obvious.

(i) Letz € Z(L). Then by (i) z € N(R). Leti € L, a, b € R. Then by the
semi Jacobi identity which is true in any arbitrary ring we see that i[z,
al =z ia] — [z, ila = 0.

Furthermore, if we assume that our ring satisfies (w, [z, al, y) =([z, ],
w) =, W, [z, a]) then [z, a] € N(R) and therefore (bi)[z, a] = b(i[z, a]) =
0. We see that [z, a] € Ann (L). In views of the fact that the element [z,
a] belongs to the ideal L and its right annihilators it also belongs to their
intersection, which is a trivial ideal in R. Since R is semiprime [z, a] =0,
which means that z € Z(R). We have proved that Z(L) c L n Z(R). This
proves (ii) since the reverse inclusion is obvious.

(ii1) Consider u € U(L), x, y € L and r € R. By (i), u € N(R) and since
U(L) is an ideal of L, xu € U(L) < N(L) = L n N(R) by (i). By applying
the teichmullar identity, [R, N(L)] < N(L) and the above said fact we see
that (ru, x, y) = (r, xu, y) = 0. This implies R'u = N(L) = L n N(R) by (i)
and by Proposition 2.1, u € U(R). The reverse inclusion is obvious.
Lemma 2.2: For every ideal / of a semiprime (-1, 1) ring R we have; Z(I) =1
N Z(R).

Prolof : Assume [ # 0. Take 0 # x € Z(I). By condition (iii) in Lemma
2.1 x € U(R). Now we see that lan (x) is an essential left ideal of R. Let
L be a nonzero left ideal of R. If Lx = 0 then L < lan (x). If Lx # 0 then
IxL would be a nonzero left ideal of / (otherwise IxL = 0 would imply
LLL clIxLx=0,which is not possible by the semiprime of R) and 0 #
IxL N lan(x) € L M lan (x).

Conversely, let 0 # x € I N Z(R). By Lemma 2.1 (iii), x € U(J). Now
we prove that /an (x) is an essential left ideal of /. Let L be a nonzero left
ideal of I If Lx = 0, then L < lan(x). If Lx # 0 then RxL is a nonzero left
ideal of R (RxL = 0 would imply LxLx < RxLx = 0 and so Lx would be a
nonzero trivial left ideal in a semiprime ring). Since /an (x) is an essential
left ideal of R, 0 # RxL M lan (x) and L M lan (x) is nonzero. ¢

Corolary 2.1: Let R be a semiprime (-1, 1) ring and [ an essential ideal of R.
Then Z(R) = 0 if and only if Z(I) = 0.
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Lemma 2.3: Let R be semiprime (-1, 1) ring. Then every 1-uniform element
generates a uniform ideal.

Proof : Let / be the ideal generated in R by a 1-uniform element u and let J
and K be nonzero ideals of R contained in /. We note that Ju # 0 otherwise u €
ran(J) = ann(J) (by Preposition 2.1(i)),which implies / < ann (J),and since J C
Lwe would have J = J n ann(J) = 0 (by Proposition 2.1 (ii)), a contradiction.
Analogously Ku # 0. Denote the L and L the nonzero left ideals of R generated
by Ju and Ku respectively. Then 0 # L N L' = J N K by the 1-uniformity of .
Since given a (-1, 1) ring R, the lattice £(R) of all ideals of R is an algebraic
relative to the * — product J * K:=(JK), where (X) denotes the ideal of R
generated by X, and XY the linear span of all products xy withx € Xand y €
Y, we can apply the result of [7] to obtain the following result. We note that J
* K= 0 if and only if JK = 0. Hence R is semiprime (prime) if and only if the
algebraic lattice (£(R), *) is semiprime (prime). Note that since (-1, 1) ring is
alternative in many cases [10], J * K is merely JK. ¢
Lemma 2.4: Let R be a semiprime (-1, 1) ring. Then
(i) A nonzero ideal / of R is uniform if and only if the annihilator ideal
ann(l) is maximal among all annihilator ideals ann(J) with J being a
nonzero ideal of R, equivalently, R/ann([) is a strongly prime ring.
(i1) For each uniform ideal I of R there exists a unique maximal uniform
ideal U of R containing /; actually U = ann(ann(1)).
(ii1) The sum of all maximal uniform ideal of R is direct.

Proof: Suppose that R is nondegenerate and that R/ann(l) is a prime (-1, 1)
ring. By Proposition 2.1(iv), the ring R/ann(l) is nondegenerate and so it is
strongly prime.

The rest of the statement follows as a particular case of [7 Proposition 3.1],
using that £(R) is a modular lattice. &

A subdirect product of (-1, 1) ring R < [IR_ will be called an essential
subdirect product if R contains an essential ideal of the full product [1R . If
R is actually contained in the direct sum of the R , then R will be called an
essential subdirect sum. An ideal / of a nondegenerate (-1, 1) ring R is called
a closed ideal if 7 = ann(ann(l)). By the third annihilator property an ideal is
closed if and only if it is the annihilator of an ideal. Note that by the above
Lemma 2.4 (ii), maximal uniform ideals are closed.

Theorem 2.1: For a (-1, 1) ring R the following conditions are equivalent :
(1) R is an essential subdirect product of strongly prime (-1, 1) rings
R

(i) R is nondegenerate and every nonzero ideal of R contains a
uniform ideal.
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(ii1)R is nondegenerate and every nonzero closed ideal of R contains
a uniform ideal.
Actually we can take R = ann(M ), where {M_} is the family of all
maximal uniform ideal of R.

Proof: (i) = (i1). In general any subdirect product R of a family {R_} of
nondegenerate (-1, 1) rings is nondegenerate. Let M < R be an essential
ideal of the full direct product [IR and set M_:= M N R_, where we
are regarding R as an ideal of HRu Then M, ‘is a nonzero ideal of R,
contained in R since M is an essential ideal HR Infact M isa uniform
ideal of R since M is uniform in R because R is strongly prime and
any ideal of R contained in M is an ideal of Ra. Now if / is a nonzero
ideal of R then 7t (/) is a nonzero ideal of R_for some index o. Hence by
strongly primeness of R we have 0 #wt (/) * M_ < I "~ M. Therefore 1
contains the nonzero ideal / m M which is uniform since it is contained
in M.

(ii) = (iii) is trivial.

(111) = (i) Let 2M_be the sum of all maximal uniform ideal of R, which
is direct by Lemma 2.4 (iii). Since ann (XM ) is a closed ideal, it must be
zero: otherwise ann (XM ) would contain a “uniform ideal, and therefore
a maximal uiform ideal because it is closed, which leads to contradiction.
Hence, by a standard argument, Nann (XM ) = ann (XM ) = 0 implies
that R is a subdirect product of the (-1, 1) rings R : = R/ ann (M) each
of which is a strongly prime (-1, 1) ring by Lemma 2.4 (1).

Finally, the homomorphic image of @ M_in [IR_ is an essential ideal of
1R since M can be regarded as an essential ideal of R , by condition (v) in
proposition 1. ¢
Lemma 2.5: Let R be a semiprime (-1, 1) ring and / an ideal of R. Denote by
R the quotient ring R / ann (I). We have:

(1) Any direct sum of nonzero left ideals of R gives rise to the
direct sum of nonzero left ideals of R with the same number of
summands. Hence if R has finite left Goldie dimension then R
has also finite left Goldie dimension.

(i1) If a € R has finite left Goldie dimension in R, then a@: =a + ann
(/) has finite left Goldie dimension in K.

(i) If Z(R) = 0 then Z( R)= O Moreover, if R is nondegenerate and
I is a uniform 1deal thenR is a strongly prime left nonsingular

(-1, 1) ring.
Proof: Let 3. L. be a direct sum of nonzero left ideals of R . Denote by 7 : R
— R the canonical projection of R onto R . By Proposition 2.1(v), (/) is an
essential left ideal of R. Hence L :=m"(La) M /is anonzero left ideal of R,
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for each index o. Now, we show that Y, L is a direct sum. Indeed, if x € L, N
(Z,.sL,), then Ti(x) € Ly N g L.)=0 . Therefore x € I M ann(l) =0 ( by
Proposition 2.1(i1)). _
(if) Let > L. be a direct sum of nonzero left ideals of R inside the principal left
ideal. By taking L_ : = I(T'( L. )) we obtain a direct sum of nonzero left ideals
of R contained in R (a].
(iii) By Lemma 2.2, Z(R) = 0 implies Z(/) = o. But / can be regarded as an
ideal of R via the isomorphism x+— x + ann(l), for x € I and by Proposition
2.1 (v) we have that [ is an essential ideal of R. By proposition 2.1(iit) and
Corollary to Lemma 2.2, Z(R) = 0. If R is nondegenerate and / is uniform,
then R is strongly prime by condition (i) in Lemma 2.4. ¢
Theorem 2.2 : Let R be nondegenerate left local Goldie (-1, 1) ring. Then R
is an essential subdirect sum of strongly prime left local Goldie (-1, 1) rings.
More precisely @ M << R<® R/ ann(M ), where M rangs over all maximal
uniform ideals of R. If R is actually left Goldie, then R is an essential subdirect
sum of finitely many strongly prime left Goldie (-1, 1) rings.
Proof: Since R has finite left local Goldie dimension, any nonzero ideal of R
contains an 1 - uniform element and hence a uniform ideal, by Lemma 2.3.
Then by Theorem 2.1, R is an essential subdirect product of the strongly prime
(-1, 1) rings R = R/ ann(M ), with M, a maximal uniform ideal of R, each of
which is strongly prime left local Goldie (-1, 1) ring by Lemma 2.4 (ii) and
condition (ii) and (iii) in Lemma 2.5. Let us see that R € @ R . Otherwise,
there would exist x € R such that x ¢ ann(M,) for an infinite number of o!’s.
Say x ¢ ann(M ) for every oo € A. Denote by /_ the left ideals of R generated
by M x. Then 0 # Mxcl cM, for every oL € A and the sum ZQE A 1s direct.
This implies that x has infinite left Goldie dimension, a contradiction.
Suppose additionally that R has finite left Goldie dimensition. Then it follows,
from Lemma 2.4(iii) that R contains only a finite number of maximal uniform
ideals, and hence R is an essential subdirect sum of a finite number of R . Moreover,
each R has now finite left Goldie dimension by Lemma 2.5(i). #

3. THE CONSTRUCTION OF MAXIMAL LEFT QUOTIENT RINGS
OF (-1, 1) RINGS

Definition 3.1: We shall say that a (-1, 1) ring R has a maximal left quotient
ring if there exists a ring Q such that
(1) Qs aleft quotient ring of R and
(i1) If W is left quotient ring of R, there exists a unique monomorphism of
rings f: W — Q with f(r) = r for every r € R.
Clearly, this definition implies that a maximal left quotient ring of a ring R, if
it exists, is unique up to isomorphisms,. We shall denote it by Q' (R).

max
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Definition 3.2: We will say that a left ideal / of a (-1, 1) ring R is dense if for every
P, g€ R. € R, with p # 0, there exists an « € NM(R) such that ap #0 and ag € L.
Lemma 3.1: A left ideal / of a (-1, 1) ring R is dense if and only if R is a left
quotient ring of /.

Proof: Suppose that / is a dense left ideal of R. On the One hand, given n €
N(I), if there exists p, g € R such that (n, p, q) # 0, then there existn , n, € N(R)
such that npelngel and 0 # nznl(n, p q)=(n, np, nzq) =0and 0 # nn,
18(n, p, 9)} = S(n, np, n,g) = 0, a contradiction. On the other hand, given p,
q € R, with p # 0, there exists n € N(R) such that np # 0 and nq € [ and there
exists s € N(R) such that snp # 0 and sn € 1. So, sn € N(R) NI " N(I) and snp
# 0 and sng € I. The reciprocal is trivial. ¢

Definition 3.3: Let R be a (-1, 1) ring. We denote F " as the set of all left ideals
A of N(R) such that for every 0 # x € R and u € N(R), there exists A € N(R)
such that Ax # 0 and Au € 4.

Lemma 3.2: Let R be a (-1, 1) ring. Then
(1) If/is adense left ideal of R, then N(/) € F *.
(i) If 4 € F*, then I ;= R'A is a dense left ideal of R.

Proof: (i) It is straight forward.

(ii) Let x, y € R, x # 0. By hypothesis there exists A € A such that Ax #
0. By [12 Corollary 1 of Lemma 7.1.3] [A, y]:= Ay —yA € N(R), so if we
apply the hypothesis again, there exists ue N(R) such that uAx # 0 and
u[A, y] € A. Therefore uhy = u[A, y] + uyh € R'A, which completes the
proof. ¢

Notation 3.1: We call F: = {R'A/A € F*}. Now, given I = R'Ae F, we
have that 4 < N(I), hence I = R'A < R'N(I) c 1. Therefore I = R'N(]),
with N(/) € F*. Moreover, the intersection of a finite family of elements
of F contains an element of F as it can easily be seen that A can be taken
in A and that the intersection of a finite family of elements of F' * is an
element of F'*.

Let us consider W:={(I, f)/ 1€ Fandfe Hom" (I, R)} where Hom"
(Z, R) denotes the set of all homorphism of left N(R) — modules from / to R such
that for every x € R and A, u € N(I), (xA)f = x(A)f and ([A, u])f € N(R).

The following relation on W is an equivalence relation : (1, f) = (I, ) if
and only if there exists / * € F such that f'|, = /" |, We denote by [/, F] the
equivalence class of (/, f) and let Q = s /=.

Abusing notation, given an element ¢ € O, we will denote by A, any
element of F* and by / any element of Hom", (RlAq, R) such that g = [R‘Aq,
/.]. The dense left ideal RlAq will be denote by /..
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Let us define an N(R) — algebra structure on Q: Let ¢, g€ Q and A, u €
NR) :
(i) We define the sum g + ¢! == [Rl(Aq N A, ),jf] +f 1
(i) We define the structure of the left N(R) — modules : Ag = [R‘A
plfq where 4, = {a € N(R) /ak e A g EF and p denotes rlght

multlphcatlon
(ii1)) We define the structure of the right N(R) — module: gA = [Iq
A ’
(iv) We define a product on Q: we denote by 4_:= { A € A_such that
(W, €1,

First we show that A€ F. It is clear that it is a left ideal of R. Now,
given 0 #x € R and 1 e N(R), there exists A € N(R) such that A x # 0
and ML e A, and there exists Y € N(R) such that yAx # 0 and Y(AW) f €

because I is a dense left ideal of R. So YA € N(R) and verifies that
ykx # 0 and yku S

Now, we can define the product gq” := [R'A f 1, where (Xxa,) f
2x((a, V) [, for every x,€ R'and a.e A, Letus show that it is well deﬁned
Suppose that 2xa. =0, where X € R and a,€ A, but Zx((a)f)f # 0. By
hypothesis there exist ne 4, such that uZx ((a, )f) f #0. Then'

MEx((@)) £, =2 ([ 5]+ xp(@)) £,

= O (1 X)) £, + Zx, (Ma)f) £,

— (WZxa)f) £, — (E xpa)f) £, + Zx,(Wa)f) f,

=~ (x[Ma))) £, ~ (S xapf) fy + Zx(([w af) f;
+ X x((@p)) 1y

=0 (Sl al)) £, + ( xfw al)) f, =O0.

(i) is a consequence of p and [u, x,] belonging to N(R) and f and f,
being homorphism of left M(R) — modules and (2) uses the prev10us
facts and ([, a,]fg € NM(R'Aq"), since ([u, a ]fg belongs to N(R) and also
belongs to RlAq (because [u, a] € Aqq’ ) hence ((Zx[u, a])f)f >
x ([, a])f)f by definition of Hom (I, R).

Theorem 3.1: Let Q be as above. Then
(1) R is a subring of Q. Moreover, R is a dense left N(R) - Submodule of Q.
(i) MR) = MQ)
(iii) If in addition R is Weakly Novikov ring then for every g € Q and A €
N(R), [, g] € N(Q).
(iv) The associator is a skew — symmetric function on Q.
(v) If A(R) is 2 — torsion free or semiprime, Q is a (-1, 1) ring.

N(R)
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Proof: (i) The map y : R — Q given by y(r) = [R'N(R), p ] defines a
monomorphism of rings : it is clear that y is a monomorphism of N(R)
—modules, since p, cannot vanish on a dense left ideal of R. Moreover,

y(r) W(r’) = [R'N(R), p,] [R'N(R), p.] = [R'N(R), f., ], where for every
x€ Rand A € N(R),(xA) (f, ) = x(Mp, p,) = x(Arr") = (xA)p., , s0 Y(r)
y(r) = y(rr’). Now given g, ¢’ € Q with g # 0, by construction there
exists r € A NA, such that (r)fq # 0 (since 1N f, is a dense left ideal
of R). Hence [R'N(R), p ] [, /1= [R'N(R), Py, #0and [R'N(R), p ][ 1,
 f, 1= [RN@®).p, f, 1€ R

(i1) Let us consider q, € 0, forj=1, 2, 3, and take ac A

NA
. (4192)93 a4 (92q3)
By definition of A, we have (a)f, €1, ; therefore there exist V€

R'anda e A, , suchthat(a)f, =X ya, Then for every x e R/,

(xa)f 000, = XD, £,
=x(((@f )],
=2 x((ya)f,)f,
=2 x(()@)f, N ],
(X f,, (4,40 = XD f, ), ],
=x(2((va)f, 1,
=2 x(y,((a) f, ) -

So,if [1, ./, 1€ MR) (ie., f, =p, with A € N(R)), then (a) f, = alle
Ni,,) and therefore (xa) f(,,]qz)% x((ah) ) f,=(xa) S s if 02

. Iy, ] € N(R), then y((a) f,))[f,,= (¥ ((a) f,)f, - So, in any case, (xa)
fql(qz% (xa) £, (., » Which implies that N(R) c N(Q).

(iii) For every pr € Rand g € Q we have (¢, 1, ) = 0 and S(p, ¢, r) =
0. (2.5) Otherwise, if there exists g € Q such that (¢, r, r) # 0, let us
consider A € N(R) such that ql e RandO0=(q nr)A=(q, rnAr)=(q, 1,
[ A]) + (g, , ¥A) = 0 (by (ii) since [7, A] € N(R)), a contradiction.

Now, again if there exits g € O such that S(p, g, r) # 0, let us consider A
e N(R) such that Ag € R and 0 # AS(p, ¢, ) = S(Ap, ¢, r) = S([A, P], ¢,
r) + S(p, Mg, r) = 0(by Teichmiiller identity and (ii) since [A,p] € N(R)),
a contradiction.
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Now, given L € N(R) and g € Q, there exists w € N(R) such that u[A,
q] € R. So for every 7, s L € R we have

(r, uUrg, s) =— (1, s, WAgq) from (2.1)

=— W s, Aq) as the ring is Weakly Novikov

=— W s, gM) as [¢,A] < N(R)

=— (1, s, LgA) by Weakly Novikov identity

(. ugh, 5) by (2.1)

So we have u[A, q] e N(R) foreveryge O, Ae N(R)andpn e Ag, - Now,
if there exist p, p” € Q such that ([A, ¢g], p, p” ) # 0, then there ex1sts ne
N(R) such that p[2, g] € Rand 0 = p ([A, g], p,p) 1A g1, p, p') =0,
by (ii) and (2.5), a contradiction. Moreover, if (p, ([A, ¢], p' ) #0 there
exists W € N(R) such that u’p[A, ¢g] € R and 0 = w(Wp, p’, [A q]) = (W
. P'LIN g]) =—=(Wp, LA g, p) = 0 by Weakly Novikov identity and
from (2.1), a contradiction. From the above argument we also see that
@, p’, [M g]) = 0 which implies the [A, ¢] € N(Q).

(iv) Letp, p, p,e Qandp=(p, p, py) + (P, p, p,)#0. Inview of (ii),
(1i1), Teichmuller identitiy, Weakly Novikov identity and (2.1), for any
A e N(R) we have Mp, p, p))=p, p, p,) =@\ p, p,) =@, Ap,p,)
-, Ap,p) tp(A p,p) T (A p)p, =P, Ap,p) == (P, Py Ap,) =
A (P, Py P) =MD, Dy P) =P, Dy D).

By (i) and (ii), there exists A, € N(R) < M(Q), such that Ap # 0 and A,p, €

R. Similarly, there exists A, € N(R) € N(Q), such that AL A.,p # 0 and A p,€ R
Finally, there exists

A, € N(R) € N(Q), such that AAA p # 0 and A p € R. Therefore A A A,
p=QA, p,\p, Ap)+ A p.A p, A p,)=0,since R satisfies (2.1). The
contradiction proves that p = 0.

(v) Suppose that there exists p, ¢ € Q such that (g, p, p) # 0. Then for every A
€ Ap, (4. p. p)V* = (¢, pA, pA) = 0 by (5).

Suppose first A(R) is semiprime. We know that there exists o, 3, Y€ N(R)
such that qa, pP, py € R and (qo, pB, py) # 0. Now there exists A € Ap such
that (go, pP, pY)A # 0 and therefore, since A(R) is semiprime, (g0, pB, py) A’
# 0 (otherwise the ideal generated by (g0, pP, py)A will be nilpotent see [9] a
contradiction.

Suppose now that A(R) is 2 — torsion free. If A, p e 4. 0=(q, p, p) (A +
W2 = (q. p, P + (¢, p, PY2ML+ (g, p, PIW = 2(q, p, p)M. Note that (g, p, p)
AL = (g, p, pP)UA = (g, p, p)UL so (g, p, p)AML = 0 a contradiction. Now again
suppose that there exist p, g, r € Q such that S(p, ¢, r) # 0. Applying the same
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argument as above we come across with a contradiction and hence we have Q
isa(-1, 1) ring. &

Lemma 3.3: Let  be a left quotient ring of R and consider ge W then
(N(R):q):={Ae N(R)/\g € R)}€ F".

Proof: Given 0 # xe R and L € N(R), there locusts Yy € N(R) such that yx # 0
and y(LUg)€ R; hence Yy € (N(R):q). ¢

Theorem 3.2: Let Rbe a(-1,1) ring such that A(R) is 2-torsion free or semiprime
.then R is a left quotient ring of itself if and only if the maximal left quotient
ring R exists.

Proof : Let W be a left quotient ring of R .Given an element ¢ € W by Lemma
3.1 and Lemma 3.2 Iq;:RI (N(R)) ; q)is a dense left ideal of R .Now following
the proof of Theorem 3.1(i),the map ¢ : W — Q defined by ¢(gq) := [Iq, pq] isa
monomorphism of (-1, 1) rings. ¢

Remark 3.1: By construction, the maximal left quotient ring is a (-1, 1) ring is
unital with unit element [R'N(R).Id,].

Examples of maximal left quotient rings are as follows:

Example 3.1: It is clear that the maximal left quotient ring of an associative
ring is its maximal left quotient ring as a (-1, 1) ring.

Example 3.2: Let O be a Cayley-Dickson algebra over its center. Then
Qmaxl(Q) = Q; Let W be a left quotient ring of O, and take W in P. By
hypothesis there exists n € Z(Q) (which is a field) such that np € Q. so
p=n'(ap)e Q.

Example 3.3: If R is a Cayley — Dickson ring ,its maximal left quotient ring
is a Cayley — Dickson algebra by definition R is a central order in a Cayley —
Dickson algebra, denoted by Q. So Q is a left quotient ring of R ,which implies
thatQ, '(R) =0, '"(Q)=Qby(3.2).

Example 3.4: Let us consider a family {R_} of (-1, 1) rings such that for
every o there exist the maximal left quotient ring of R , which we denote
Q. Then O ' (@R ) exists and is equal to [IQ,, the direct product of
Q, : the Proof is analogous to Utumi (1956), definition of maximal Left
quotient ring.

4. CLASSICAL LEFT QUOTIENT RINGS:

The next proposition, which is in Gomez Lozano and siles Molina (preprint),
(5.7) and (6.7) (i), shows that the maximal ring of quotient gives us an
appropriate framework in which to settle the different left quotient rings that
have been investigated (Fountain — Gould and classical); see Essannouni and
Kaidi (1994) and Gomezlozono and Siles Molina (preprint) for definitions.
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This fact was used by Ahn and Marki to give a general theory of Fountain and
Gould left order in the setting of associative rings.

Proposition4.1: Let Rbe a (-1, 1) ring. If R is a classical (Fountain and Gould)
left order in a (-1, 1) ring W, then W is a left quotient ring of R. So W is a
subring of O (R).

Let us construct the classical left order of a left Ore (-1, 1) ring R as the
subring of O !(R) generated by R and the set {a'/ a € Reg (R) N N(R)}.

Let R be a (-1, 1) ring. We recall that R satisfies the left Ore condition
relative to a nonempty set S if for every a € Wand x € R there exist b € W and
y € R such that bx = ya. We will say that R is left Ore if it verifies the left Ore
condition relative to Reg(R) N N(R) # ¢, where Reg(R) denoted the set of all
regular elements of R.

Note that Reg(R) N N(R) # 0 implies that R is a left quotient ring of itself.
So there exists the maximal left quotient ring of R, denoted by Q.

Lemma 4.2: Every element a € Reg(R) N N(R) is invertible in Q.

Proof: It is easy to prove that Ra is a dense left ideal of R. Moreover, the map
h: Ra — R, defined by (xa)h = x for every xa € Ra, belongs to Hom,*w( o (RR).
Now [Ra, h] is the inverse of a in Q. Furthermore, [Ra, h] € N(Q). ¢

Lemma 4.3 : (Common Denominator Theorem) . For every elements a, b €
Reg(R) N N(R) there exist ¢, d € Reg(R) N N(R) such that ch = da. ¢

Theorem 4.4: Let R be a ring that satisfies the left Ore condition. Then 7 =
{a'x/ a € Reg (R) " N(R), x € R} is a subring of Q such that R is a classical
left order in 7.
Proof: Given a’'x, by, where a, b € Reg(R) N N(R) and x, y € R, by common
denominator Theorem there exists ¢, d € Reg(R) N N(R) such that cb = da. So
a'x +b'ly=a'd'dx=b'c'cy = (da)'(dx + cy) € T. Itis straight forward that
a'xblye T.

We now show that T'is a (-1, 1) ring. Given p, ¢, r € T, there exists a, b, ¢
€ Reg(R) N N(R) such that ap, bq, cr € R, so a*b(q, p, p) = 0 and (abc)S(p, q,
r)=0and hence is a (-1, 1) ring. Now it is trivial that R is a classical left order
in T. Also since a’b(g, p, p) = 0 which implies from the above fact that (p, p, q)
=0=(q, p, p). Hence T can be seen as alternative too. ¢
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