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Abstract: A function f: (X,j1) — (Y,0) is said to be almost (, 6) -irresolute if £~ (V)
€ so(X, i) for every regular semi-open set V of Y. In this paper the authors introduce
and investigate almost ( p, o )-irresolute, quasi ( @, o )-irresolute on generalized
topological space (X, pt) into the topological space (Y, ). Some characterizations
and properties of such a type of functions are discussed.

Keywords : Generalized topological space; almost irresolute; quasi (i, o)
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1. INTRODUCTION

In topology weak forms of open sets play an important role in the generalization
of various forms of continuity. Using various forms of open sets, many authors
have introduced and studied various types of continuity. In 1961, Levine [10]
introduced the notion of weak continuity in topological spaces and obtained a
decomposition of continuity.

Generalized topology (X, p) was first introduced by csaszar [3]. We recall
some notions defined in [3]and [7].

Let X be a set. A subset pof expX is called a generalized topology on
X and (X, p) is called a generalized topological space [3] (GTS) if phas the
following properties

i) pep

(i1) Any union of elements of belongs to .

For a GTS (X,u), the elements of pare called p-open sets and the
complement of 1 -open sets are called jt-closed sets. For AS X, we denote
by c(A) the intersection of all p -closed sets containing A, that is, the smallest
1 - closed set containing A, and by iu(A) the union of all w -open sets contained
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in A, that is, the largest i -open set contained in A. Intensive research on the
field of generalized topological space (X, ;) was done in the past ten years as
the theory was developed by A. Csaszar[3], Ahana Balan[7]

It is easy to observe that i i and ¢ are idempotent and monotonic, where 7 :
exp X—exp X said to be 1demp0tent if and only if A € B € X implies ~( 7Y (A))
= 7 (A) and monotonic if and only if 7 (A)< ¥ (B). It is also well known that
from [5,6] , thatif pisaGTon Xand ACX ,x€ Xthenx € CH(A) if and only
if xeMeu=>MNA=g and cu(X—A) = X—i“(A).

Let BC expX and & €B. Then B is called a base[4] for pif {UB": B’ C
B}=pu. We also say that y is generated by B. Consider X={a,b,c} and pu={ g
,{a},{b},{a,b}}. The p-closed sets are X,{b,c},{a,c}and{c}. If A={a,b} then
Ais not p -closed

A generalized topology (X, 1) is said to be strong[4] if X € 1. Throughout
this paper a space (X, u) or simply X for short, will always mean a strong
generalized topological space with the strong generalized topology u unless
otherwise explicitly stated. A point x € X is called a g -cluster point of BC X
if UNB-{x})= gforeachU € pwithx€ . The set of all u-cluster point
of B is denoted by d(B).

Let (Y,0) be a topological space with topology o. Let A C(Y,o0). The
closure and interior of A is denoted by cl(A) and int(A) respectively, where the
closure of A is the intersection of all closed sets containing A and the interior
of A is the union of all open sets contained in A.

Let (X,7) be a topological Space. The § -closure[20] of a subset A
of a topological space (X,7) is defined by{xeX : ANU = @ for all
regular open set U containing x},where a subset A is called regular open
if A = int(cl(A)). A subset A of a topological space (X, 7 ) is called semi-
open[11] (resp., pre-open[13], ar-open[15], B-open[14], b-open[1], § -pre
open [18], §-semi open[17], and e-open[8]) if A< cl(int(A)) (resp., AS
int(cl(A)), A< int(cl(int(A)), A C cl(int(cl(A))), AC cl(int(A)) U int(cl(A)),
ACint(cls (A)), AS cl(int, (A)) and A Cint(cl, (A)) U cl(int,(A))). A point
x€Xisin sl(A) (resp., pcl(A)) if for each semi open (resp., pre open) set U
containing x, U MA = <. A point x€ X is called a 6 -cluster[20] (resp.,
semi @ -cluster[12],P(§ )-cluster[16]) point of A denoted by cl, (A) (resp.,
s. cly (A), p(0)-cl(A)) if cl(A) NU= @& (resp., sl(A) NU= &, pl(A) NU
= &) for every open (resp., semi-open, pre-open) set U containing x. A
subset A is called g -closed (resp., semi @ -closed, P(§ )-closed) if cl, (A)
= A (resp., s.cl,(A)) = A, p(9 )-cl(A) = A). The complement of a g -closed
(resp., semi-§ -closed, p(@)-closed) set is called g -open(resp., semi-§
-open, p(# )-open). 6 -open sets in a topological space forms a topology
which is weaker than the original topology.
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For any topological space(X, 7 ), the collection of all semi open (resp., pre-
open, a-open, 3-open, b-open, e-open, 6 -open, p( 6 )-open) sets are denoted
by so(X) (resp., po(X), a-0(X), B-0(X), Bo(X), eo(X), 8 -o(X), p# -o(X)). We
note that each of these collections forms a generalized topology on (X, 7). The
end or omission of a proof will be denoted by m

A subset A of (X, 7 ) is € -open if for each x € A there exists an open set U
such that x€ U Ccl(U) CA.

Recall that, A subset A of X is said to be regular semi-open if there exists
a regular open set U of X such that UC A Ccl(U)

A function f: X — Y is said to be irresolute if f - (V) is semiopen in X for
every semiopen set V of Y.

A function f:X—Y is said to be almost irresolute if f B (V) is semiopen in
X for every regular open set V of Y.

A function f: X — Y is said to be 6 -irresolute if for each x € X and each
semi neighbourhood V of f{x) there exists a semi neighbourhood U of x such
that f(s.cl(V)) C s.cl(V)

A function f:X—Y is said to be quasi irresolute if for each x € X and each
V € so(Y,f(x)) there exists U € so(X,x) such that f(U) Cs.cl(V)

A subset A of X is p-semiopen (abbr. p-so) in X if A Cc“i“(A). [4-SO
sets in X is denoted by so(X, ). A subset A of X is 1 -preopen (abbr. 1 -po)
in Xif A C i“cM(A). The family of all p-po sets in X is denoted by po(X, ).
For a subset A of X, the intersection of all y-semi-closed sets containing A is
called the p-semi-closure of A and is denoted by s.c (A). For a subset A of X,
the union of all w-semi-open sets contained in A is called the p -semi-interior
of A and is denoted by s.iu(A)

2. ALMOST (p-0 )—IRRESOLUTE AND RELATED FUNCTIONS

We recall the following definitions from[2], A function /: (X, ) — (Y,0) is
said to be quasi (4, o ) continuous at x € X if for each U € u containing x and
each V € ¢ containing f(x),there exists GE p such that @# G CU and AG)
C V. Iffis quasi (i, o ) continuous at every point x € X, then it is called quasi
(Y, o )-continuous.

A function f: (X, 1) — (Y, o) is said to be almost (4, - ¢ )-continuous if
for each x €X and each V € o containing f{x), there exists U € i containing x
such that f{U) C int (cl(V)).

A functionf: (X, u) — (Y, o) is said to be almost quasi ( i - o )-continuous
atx € X if for each p-open set U in X containing x and each V € ¢ containing
f(x),there exists p-open set G in X such that @ #G C U and AG) Cint(cl(V)).
If f'is almost quasi (-0 )continuous at every x € X, then it is called almost
quasi( - o )-continuous.(simply a.q. (-0 ).c)
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Theorem 2.1:The following are equivalent for a function f: (X, ) — (Y,0)
(i) fisa.q. (p-o0).c

(i) for each x€X and V€ ¢ containing f(x),there exists U €so(X, i)
containing x such that f{U) Cint(cl(V))

(iii) for each x € X and V € Ro(Y, o) containing f{x),there exists U € so(X, /)
containing x such that {U) CV

(iv) s.cu( £~ (cl(int(cl(B))))) C f ' (cI(B)) for each subset B of Y

(v) f'(F) €s.cu(X) forevery F €Rc(Y, o)

(vi) s.cu f (V) C £ (cl(V)) for every V €so(Y, o)

(vii) (V) €so(X, p) for every V €Ro(Y, o)

Proof: (i) =(ii) Let x X.}, ={N|x €N € y} and V be any open set of (Y,o
) containing f{x). For each N&€ } there exists Gy € p such that @# GvC N
and A{G~) Cint(cl(V)). For

G={GxN} } thenwehavex €c (G)and G € . Set U=GU{x},then G CU
C ¢,(G) and hence x €U so(X, p). Also we obtain f{U) Cint(cl(V))

(i1) =(iii) Obvious

(iii) =(iv) Let B be any subset of Y and suppose that x& f - (cl(B)). Then f{x)
& cl(B) and there exists V € o containing f{x) such that VN B= . Therefore
we have VNint(cl(B))= @ and int(cl(V))N cl(int(cl(B)))=< . By (iii),there
exists U €50 (X, ) containing x such that AU)N cl(mt(cl(B))) & ;hence
un ' (cl(int(cl(B)))= @ This implies that x¢€ s.c L '(cl(int(cl(B))))).
Clearly,we obtain s.c ( £ (cl(int(cl(B))))) C f~ (cl(B))

(1V) =(v)LetF € RC(Y o). By (iv), we have s.c ( f'(F)) C f'(F)and hence
[ (F) Esc (X)

(v) =(vi) LetV €so(Y, o). Since cl(V) €Rc(Y, ),by (v) we have f'(cl(V))
€ s.c (X) and hence FIV) €so(X, 1)

(vi) =(vii) Let V €Ro(Y, o). Since Y-V €Rc(Y, o) Cso(Y, a) as regular
closed sets are semi-open, by (vi),we have s.c ( f "(Y-V)) C ! (cl(Y-V))=
£ ((Y-V). Therefore, f~'(Y-V) €s.c N84, and (V) €soX, 1)

(vii) =(i) Let x be any point of X, x € U € pand fix) e Ve ¢. Since int(cl(V))
€Ro(Y, 0) by (vii) we obtain x € ! (int(cl(V))) € so(X 1) and hence x €
U N £ (int(cl(V))) € soX, w). Put G =i, [UN [ (int(cl(V)))],then we
obtain @ #G € pand f(G) Cint(cl(V)). This shows that fis a.q.((-0).c m
Definition 2.1: A function f: (X, t) — (Y, 0 ) is said to be almost ( y -0 )-ir-
resolute if f~'(V) €so(X, u) for every regular semiopen set V of Y.

Definition 2.2: A function /: (X, 1) — (Y, o ) is said to be quasi ( 1+ - 0 )-irresolute
if for each x € X and each V € so(Y,f(x))there exists U € so (X, 1) containing x
such that f{U) Cscl(V).
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Definition 2.3:A subset A of a space (X, p) is said to be p-semipreopen if
there exists a - preopen set U in X such that UCACCH(U). The family of
all p-semipreopen sets in X is denoted by spo(X, 1+ ). The complement of a 1
-semipreopen set is called p-semipreclosed.

Lemma 2.1:The following are equivalent for a subset A of a space (X, 1)

a) A €spo(X, i)

b) A Cc (i (c (A))

¢)ACs.u (s.c“(A))

Proof : Obvious. m

Definition 2.4: A function f: (X, 1) — (Y, o) is said to be weakly (p-o) -
irresolute (resp. (i - o )- g -irresolute) if for each x € X and each semi-open
set V of f{x),there exists a 1 -semiopen set U containing x such that f{U) C
s.cl(V) (resp.fis.cu (U)) Cs.cl(V)).

Lemma 2.2: Let f: (X,u) — (Y,0) be a function. Then the following are
equivalent: a) fis quasi (-0 ) - irresolute

b) for each x € X and each V € so(Y,f(x)) there exists U € p -so(X) containing
x such that f(s.cu(U)) Cs.cl(V).

o f - (V) is semi-clopen in (X, i) for every semi-clopen set V of Y.

d) ! (V) ¢ s.ip( ! (s.cl(V))) for every V €so(Y).

e) s.c( (V) C f(s.cl(V)) for every VE so(Y) m

Lemma 2.3:If A €so(X, p1) then s.c (A) is semiclopen in (X, ). m
Theorem 2.2:The following are equivalent for a function f: (X, ) — (Y,0)
a) fis quasi (i - ¢ ) -irresolute

b) fis weakly (-0 ) irresolute

c)fis(pu-o) -0 _irresolute

d) fis almost ( i - o) -irresolute

Proof:This follows from definitions 2.1,2.2,2.3 and lemma 2.2. m
Theorem 2.3:Let f: (X, 1) — (Y, o) be a function. Then the following are
equivalent :

(i) f1s almost (4 - o )-irresolute

(ii) f (V) Cs.i (s.c,(f ' (V))) for every V €so().

(iii) f - (V) Ceu(in(en( £~ (V))) for every V €so(Y).

(iv) £ (V) €spo(X, u) for every V €so(Y).

Proof : (i) = (ii): Let V €so(Y) andx € f~'(V)

Since V is a semiopen set of Y containing f{x), s.cu( £7'(V)) is a semiopen set
of (X, ) containing x and hence there exist U € so(X, ) containing x such that
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UcC s.cu( £7'(V)). Therefore we have xeU s.iu(s.cu( £7'(V))). This implies that

(V) C s.iu(s.cu( £7'(V)).

(i) = (i) : Let x € X and V be any semiopen set of’ ](x) There exists W 6
so(Y,f(x)) contamed in V. Therefore we obtain x € f' (W) Cs.i (s c (f
(W))) Cs.c (f (W)) Cs.c (f '(V)). This implies that s.c (f (V)) isa p
-semiopen set of X.

It follows from Lemma 2.1 that (ii), (iii) and (iv) are equivalent. m

Theorem 2.4:A function f: (X, ) — (Y,o) is said to be almost (-0 )
-irresolute if and only if f{s.cu (U)) Cs.cl(f(U)) for every U € so(X, ).

Proof: Let U €s0o(X u,). Suppose that y & s.cl(f(U)),there exists V €s0(Y, y)
such that VN fAU)= ¢ Hence f - (V)NU=g. Since UE so(X, u),we have
s.du(s.cu (F (V) Ns.cy (U)=2 . By theorem 2.3, f (V)N s.cu(U)= & and
hence VN f{s.cu(U))= 2 . Therefore we obtain y & f(s.cu(U)). This shows that
f(s.cu(U)) Cs.cl fAU). Now let V eso(Y). Since X s.cu( f71(V)) €soX, p
),we have f{s. Cp(X s.cu f1(V)) Cs.cl(fiX-s.c f (V))) and hence X-s.i (s,
o [ 1OV CF A f T (V) € FSERXF (V) © f
(s.cl(Y-V)) = X- f' (V). Therefore we obtain f~'(V)C s.i (s C ( (V). It
follows from Theorem 2.3 that fis almost (p-¢ ) - irresolute. m

Theorem 2.5: Let /: (X, ) — (Y, o) be a function. Then the following are
equivalent

(1) fis almost (u- o) -irresolute.

(i1) for each x€ X and each V €s0(Y, o) containing f{x),there exists U €
spo(X, i) containing x such that {U) CV.

(iii) £~'(F)is semi preclosed in (X, i) for every semiclosed set F of Y.
(iv)i(c i, (f ' (B)C [ (s.cl(B)) for every subset B of V.

(v) f( iu(cp(iu(A)))) Cs.cl(f{A)) for every subset A of X

Proof :(i)=(ii) : Let x€ X and V € so(Y,f(x))

Set U= f ' (V), then by theorem 2.3,U is f-semipreopen set containing x and
f(U) CV

(i))=(i):Let V €so(Y) and x € f'(V) there exists U €spo(X, ) containing
x such that {U)CV. By Lemma 2.1, we obtain x UCs. iu(s.cp (U)) Cs. i (s.
c ( £7'(V))). Hence ! (V) Cs.i (s c ( £7'(V))). It follows from Theorem 2 3
that fis almost (pu-0) irresolute.

()= (iii) This is obvious from Theorem 2.3

(iii)=-(iv) Let B be any subset of Y.Since s.cl(B) is semiclosed, we have f -
(s.cl(B)) is p- sennpreclosed By using Lemma 2.1,we have X - f~'(s.cl(B))
Ceulin(cn (X- ' (s.cl(B)))))= =X - (e (lu(f (s.cl(B))))

Therefore we obtain, (e, (f 'B))C ' (s.cl(B))
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(iv)=-(v) Let A be any subset of (X, 1)

We have iu(cu(iu(A)))Ci“(cu(iu( T (AAA)) C f'(s.cl(flA)). Therefore we
obtain f{ iu(cp(i ll(A))) Cs.cl (f(A)).

(v)=-(i) Let U €so (X, ). Since s.c“(U)=U N ip( cu(U))=U N iu(cu(iuU))),we
obtain f(s.cu(U))=f(U) UA iu(cu(i“(U)))) C AU) Us.cl(f{U))=s.cl(f{U))

It follows from Theorem 2.4 that f'is almost ( i - ¢ ) -irresolute. m
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