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Abstract: Extreme value laws are limit laws of linearly normalized partial
maxima of independent and identically distributed (iid) random variables
(rvs), also called as /[-max stable laws. Similar to /-max stable laws, we have
the /-min stable laws which are the limit laws of centered and scaled partial
minima, p-max and p-min stable laws which are respectively the limit laws of
normalized maxima and minima under power normalization. In this article,
we look at transformations between /-max, /-min, p-max and p-min stable
distributions and their domains. The transformations in this article are useful
in simulation studies.
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1. INTRODUCTION

Extreme value theory is a classical topic in probability theory and
mathematical statistics. The field of extremes has attracted the attention
of engineers, scientists, actuaries and statisticians for many years. The
fundamental result in extreme value theory is the form of limit distributions
for centered and scaled maxima/minima. Let X ,X,,... be a sequence
of independent, identically distributed (iid) random variables (rvs) with
distribution function (df) " and M, = max {Xl,...,Xn}. Suppose that there
exists norming constants g >0 and b € R,R the real line, such that

M, —b

lim P L<x

n—oo

=lim,_ _ F"(a,x+b,)=G(x),x € C(G), the set of

a

n
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all continuity points of a nondegenerate df G. We then say that the df 7 belongs
to the /-max domain of attraction of G and denote this by F € D, (G). The
limit dfs G are the well known extreme value laws and G can be only one of
three types of extreme value dfs, namely, (see, for example, [5]):

the Frechet law, d (x)=exp {—xf” },x >0;
the Weibull law, ¥, (x)=exp{—(—x)"},x<0;
the Gumbel law,  A(x)= exp{—exp(—x)}},x €R,

where >0 is a parameter and dfs are given here and elsewhere in this
article only for x values for which they belong to (0,1). The extreme value
dfs G satisfy the stability property G"(a,x+b,) = G(x),x € R, for constants
a,>0,b, € R,n>1 and were called /-max stable laws in [7], / standing for
linear, meaning that normalization is linear. Here, two dfs F and G are said
to be of the same type if F(x)= G(Ax+ B) for all x, for constants A >0
and B R. We say that F belongs to the /-min domain of attraction of the
nondegenerate df L under linear normalization and denote itby F € D,_ . (L)
if there exist norming constants ¢, >0 and d, € R such that

mﬂ _dn

lim P

n—oo

<x|=1-lim(—-F(c,x+d,))"=L(x), xeC(L)

Cc

n

where m, = min{Xl,. . .,Xn} The df L is called /-min stable df and can be only
one of the following three types of dfs (see, for example, [5]):

negative Frechet law, L (x)=1—exp —(—x)“ },x <0;
negative Weibull law, L, (x)=1—expy—x" },0 <x;
negative Gumbel law, L(x)=1— exp{—e"},x €ER.

There are several references for extreme value distributions under linear
normalization. We name a few, [1, 3-6, 9]. Similar to /-max and I-min stable laws
we have the p-max and p-min stable laws which are respectively the limit laws
of normalized partial maxima and partial minima under power normalization. A
nonlinear normalization called the power normalization was introduced in [8].
A df F'is said to belong to the p-max domain of attraction of a nondegenerate df
H under power normalization, denoted by F € D (H) if there exist norming
constants o, > 0 and B, >0 such that

p—max
RS
g I3

sign(M,)<x|=lim,__F" (an | x|™ sign(x)) =H(x),xe€C(H),

n

lim P

n—oo

n

sign (x) = —1,00r1
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according as x < 0,= 0 or > 0 respectively. The df H is called p-max stable df
(see, for example, [7]). It is known that the p-max stable dfs can be a p-type of
only one of the six dfs, namely,

log-Frechet law, H, (x)=exp {—(log x) },1 <ux;

log-Weibull law, H,,(x)=exp{—(~logx)"},0 < x <1;

inverse log-Frechet law, H, (x)=exp{—(—log(—x))™" },—1 <x<0;

inverse log-Weibull law, H,  (x)=exp —(log(—x))™ },x <—1

standard Frechetlaw, @(x)=®,(x),xE€R;

standard Weibull law, ~ W(x)=V,(x),xER,
wherea >0 isaparameter. Here, two dfs F'and G are said to be of the same
p-type if F(x)=G(A|x|® sign(x)) forallx, for constants A>0,B>0. We
say that F'belongs to the p-min domain of attraction of a nondegenerate df

Kunder power normalization and denote itby F € D, (K) if'there exist
norming constants vy, >0 and §, >0 such that

p—min

1

8

lim  Pf|—

n—oo

sign(x) < x| =1—1lim_{1-F(3, |x|" sign(x)} = K(x). x € C(K).

The p-min stable dfs can be p-types of the following six dfs:

negative log-Fréchet law, K, (x)=1—exp {—(log(—x)ya },x <—1
negative log-Weibull law, K, , (x) =1— exp{—(—log(—x))a },—1 <x<O0;
inverse negative log-Frechet law, K, | (x) =1— exp{—(—log x)_a},O <x<lI
inverse negative log-Weibull law, K, , (x) =1—exp {— (logx)" },1 <x;
standard negative Frechet law, K,(x)= L, (x),x € R;

standard exponential law, K (x)=L,,(x),x € R.

In this article, we look at transformations between /-max, /-min, p-max and
p-min stable distributions and their domains. Eighteen families of extremal
stable laws are considered for study. The mapping that maps a rv within one
family to a rv within another family is constructed for all pairs of families. And
the transformations that map a max/min stable rv to a max/min stable rv of a
different family are new. Section 3 contains the relationship among /-max, /-min,
p-max and p-min stable distributions. In Section 4, examples for dfs in the domain
of attraction of p-max are given. For easy understanding, the interrelations are
tabulated in Tables 1 through 7. We denote max(a,b)=aV b for ac R,b € R.
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2. INTERPLAY BETWEEN [-MAX, /-MIN, p-MAX AND p-MIN
STABLE DISTRIBUTIONS

In this section the relationship among domains of attraction of /-max, /-min,
p-max and p-min stable distributions are given as theorems and the results are
tabulated for easy understanding in Table 1. Let rvs X and Y have respective
dfs F and G and a>0 be a constant close to the right extremity of the
corresponding df wherever applicable.

Theorem 2.1

) X~FeD_ (®)=>Y=e"~GeD,  (H )and
Y~GeD, . (H )=X=loglavY)~FeD, ().

p—max

(i) X~FeD, (¥ )=>Y=e"~GeD, (H,,).and
Y~GeD,  (H,)=>X=loglavY)~FeD, (V).
(i) X~FeD,  AN=Y=e"~GeD,  (P),and
Y~GeD, (®)=X=loglaVY)~FeD, (M.
(V) X~FeD,.(L,)=Y=¢"~GeD, . (K, )and
Y~GeD, .(K, )= X=logaVY)~FeD, . (L,).
V) X~FeD, (L, )=Y=¢"~GeD, . (K, ).and

Y~GeD, (K, )=X=loglaVY)~FeD, . (L,,).

(Vi) X~FeD, . (L)=Y=e"~GeD, . (K).and
Y~GeD, . (K)=X=logaVY)~FeD, . (L)..

[-min
p—min
Remark: Statements (1), (ii) and (iii) in the above theorem can be proved as in [2].
We prove (iv) and proofs of (v) and (vi) follow on similar lines and are omitted.
Proof of (iv). Let X~FeD (L,  Wwith norming
constants ¢, >0 and d,€R. The df of y=¢* is given by
G(x)=P(Y < x)=P(¢* <x)=F(logx),0< x .So,withy =e* and§ =c,
(1-G(v, [x]" sign(o)) = (1- Flog(y,x"))" = (1 - F(c,log(x)) +4,)",
x>0 Thus 1-lim,__(1-G(v, |x[" sign(x)) =L, ,dog(x) =K, ,(x),
proving that GeD,_ . (K, ).
Let Y~GeD, . (K;,) with norming constants
v, >0 and 6,>0. Then X =log(aVY) has df
F(x)=P(X <x)=P(log(aVY)<x)=G(e"),loga < x,sothatwithc, =6,
and d, =log~,,(1— F(c,x+d,))" =(1—G(e"" ")) =(1—G(v,(e)™))"
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Thusl—lim, (1-F(c,x+d,))' =K, (e")=L, (x),

proving that Fe D, . (L, ) [

Theorem 2.2.

(i) X~FeD,_, (d)eY=—"~GeD, . (K ).
(i) X~FeD,  (¥)eY=—"~GeD, . (K,).

(i) X~FeD, N eY=="~GeD, . (K).

max

(ivy X~FeD, (L )&Y=—" ~Ge D, ..(H;,).
(V) X~FeD, (L, )&Y=—"~Ge D, (H,.)
(Vi) X~FeD,_ ,(L)eY=—e"~GeD, (V)

Remark: We prove (i) and proofs of (ii) and (iii) follow on similar lines and are
omitted. And (iv), (v) and (vi) can be proved as in [2] and the details are omitted.

Proof  of  (i): Let X~FeD, (@) with  norming
constantsa, >0  and b,eR. The df of Y=—e*is given by
G(x)=P(Y <x)=P(—e* <x)=1—F(log(—x)),x<0. So, with v, =e"
and §, =b, -
" §

1-G = F"(log(, (=x) "))

T 0o
1 11mn_>OO Y | x| sign(x)

n

= F"(a, log(=x)+b, ).x<0.Then 1-lim, _(1-G(v, |x" signw)))
1-® (log(—x) =K, (x),x<—1, proving that Ge D, . (K, ).
Let Y~GeD, .. (

v,>0 and 6 >0. The df of X=log(—Y)is given by
F(x)=P(X <x)=P(log(-Y)<x)=1-G(—e"),x € R, so that with a, =6,

K..) with norming constants

and b, =logy, ,F'(a,x+b,)= (1 —G(—e" ))n = <1 —G(y,(—e")" ))n )
Hence lim,_ _F"(a,x+b,)=1-K, (—e")=® (x),x>0, proving that

F € Dl—max(éa) .
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Theorem 2.3.

(i) X~FeD,, (®)=Y=e*~GeD, (K, )and

[—max p—min

Y~GeD, . (K, )=X=—loglaVY)~FeD, , (®,).

p—min

(il) X~FeD
Y~GeD

(W )=>Y=e*~GeD, (K, )and

K, )= X=—log(aVY)~FeD,

[—max p—min (

vy,

p—min ( —max ( «

(i) X~FeD,_,,(M)=Y=e"~GeD, . (K)and

Y~GeD, (K)=X=—loglaVY)~FeD,

p—min

[—max

A).

—max (

[—min

(iv) X~FeD, . (L, )=>Y=e"~GeD, . (H ).and
Y~GeD,  (H )=X=-loglaVY)~FeD, (L )-

p—max

(v) X~FeD, .

szu,),and
Y~Gc Dp_max(Hz’a) = X=-loglavY)~FeD, . (L,,)-

(L,)=Y=e¢*~GeD

p—max (

(vi) X ~FED

[—min

(Ly)y=Y=e¢"~GeD,  (®)and

Y~GeD, (®)=X=—loglaVY)~FeD, . (L,).

p—max

Remark: We prove (i) and (iv), the proofs of (ii) and (iii) follow on lines
similar to the proof of (i) and proofs of (v) and (vi) follow on lines similar to
the proof of (iv) and are omitted.

Proof of (i): Let X~ FeD, (®,) with norming constants a, >0 and
b, €R.Thedf of Y =¢* is given by

G(x)=PY <x)=P(e* <x)=1-F(-logx),0<x, (2.1)

so that with 7, =e ™ and§, =b,
(1-G(y,2")) ( (~1og(7,x )))n:F”(an(—logx)—l—bn)),x>0.Then

1-lim, _ (1-G(y,x")) =1-®, (~logx)=K,,,(x),0<x<l,  proving
thatGeD, . (K,,)

LetY ~GeD, . (K;,) .Thedfof X=—log(aVY) is given by

F(x)=P(X <x)=P(—log(aVY)<x)=1-G(e "),x <—loga, (2.2)

so that with a, =—log~,,b, =0,,

54



F" (anx + bn) =(- G(ef(“u”bu))n _ (1 B G(’}/n " )é-” ))n x<log L]“ﬁ" '
a

Then lim, F"(a,x+b,)=1-K, (e ")=®_ (x), x>0, proving that

—

F € lemax ((pa)

Proof of (iv): Let X~FeD_ . (L,) with  norming
constants ¢, >0 and d,€R. Then from (2.1), with §,=c, and

v, =e “.G" (’y”xé" ) = (l - F(—log(ynxf" )))” = (1 - F(cn (—logx) +d, ))" ,x> 0.
So lim, G(y,x")=1-L, (-logx)=H, (x),x>1, proving that

F € Dl—max(Hl,a) .
LetY~GeD (H,,) with norming constants @, > 0 and 3, >0.

p—max

Then from (2.2), with

n
a =e B =c ,1—(1—F(c x+d )) :1—Gn(ef("“”d")>
n n n n n

1

@13, .80 1—lim, _(1—F(c,x+d,))"

—1-G" (a (e ) ),x <log
n a

=1-H (e")=L ,(x),x<0, proving (iv). [
Theorem 2.4.

(i) X~FeD

(@)Y =— ~GeD H; ).

p—max(

(i) X~FeD, (Y )eY=—e"~GeD, (H).

(i) X~FeD, (N &Y=—"~GeD, (V).

—max

(iv) X~FeD, (L )&Y=—"~Ge D, .(K.).
(v) X~FeD, (L, )&eY=—"~Ge D, ..(K,,).
i) X~FeD, (L)Y =—"~GeD, . (K).

Remark: We prove (i) and (iv), the proofs of (ii) and (iii) follow on lines
similar to the proof of (i) and the proofs of (v) and (vi) follow on lines similar
to the proof of (iv) and are omitted.
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Proof of (i). Let X ~Fe D, . (® ) with norming constants a, >0 and
b,eR.Thedfof y =—¢ ¥ is given by

G(x)=PY <x)=P(—e * <x)= F(—log(—x)),x <0, (2.3)

so that with3, =a_,a, =™,

G" (a, | x| sign(x)) = F"(~log(a, (—x)* ) = F" (a,(~log(—x)) + b,),x <0.
So lim, _ G"(a, | x|™ sign(x)) = @, (—log(x)) = H, , (x),— 1< x <0, proving
that G € D H, ).

p—max (

LetY ~GeD (H, ) with norming constantsc,, >0 and 3, > 0. The

p—max

df of X =—log(-Y) is given by
F(x)=P(X <x)=P(—log(-Y)<x)=G(—e "), xER, (2.4)

so that with a, =3, and b = —loga,
F" (anx + bn) = G" (_ef(a,,x+by,)) =G" (an (_efx ),dn ) and
lim, F"(a,x+b,)=H,, (—e )= (x),x>0,proving (i).

n—

Proofof(iv):Let X ~ F € D, . (L, )withnormingconstants ¢, >0and d, € R.

[—min
n n

Then from (2.3), (1—6(% | x| sign(x))) (1_ F(~log(y, (—x)" )))
(1—F(c,(~log(—x)) +d,))",x <0, so that with 7, =¢™*.,6, =c,,

1—lim, (1 —G(y, | x|™ sign(x))n =L, (—log(-x) =K _(x),x<~—1,
proving that Ge D, . (K, ).
LetY ~GeD, .

Then from (2.4), (1— F(c,x+d,))" = (1— G(—e "))y = (1 ~ Gy, )) :
so that with ¢, =6, and

(K,,) with norming constants 7y, >0 and 6, >0.

d,=—log~,,1-lim,_,(1-F(c,x+d))" =K, (—e*)=L (x), proving
@v). O

The following table summarizes the relationship between domains of
attraction of I-max, I-min p-max and p-min stable distributions.
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Table 1: Relationship between domains of attraction of 1-max, I-min, p-max
and p-min stable distributions.

Xel= e’ e e e —e € —e ' €
D_..®,) D, .H) D, (K., D, .(K, D, . (H,))
D (W) D, (H,) Dy (Ky) Dy n(Kyy) Dy (Hy )
D ) D, (® D, (K D, (K)o Dy (V)
D, .(L,) P& D, alHy) Dty i K100
D,,.(L,) i Ky o) D,,.(H,) D1, D,..(K,)
DLy D, .. Ky o P) D,,...") D,,.K)

The table is read as follows: The entry, say, in row 2, is read as : If

XeD,  (®)thene* eD (H,)e" €D, .(K,)—e €D, .(K.,)
and —e*eD,_  (H,,).

p—max

3. TRANSFORMATIONS

The following tables give the interrelationship between I-max, 1-min,
p-max and p-min stable distributions. The tables may be read as follows:
for example, in Table 2 below, the entry, say, in row 3 and column 2, is

1
read as: If X~V then ¥ = —}N‘I)a; and so on.

Table 2. Relationship between I-max and I-min stable distributions.

o Yo A L. L, L,
1 1
P X N — alogX —-X — —alogX
X X
1 1
v [ X —alog(—X) — -X alog(—X)
X
2] ol 2] ool
A exp|—| —exp|— X —exp|—| exp|— -X
(6] (e [0
1
L. X - alog(—X) X X —alog(—X)
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Mavitha, TS L, — —X —alog X —— X alog X
e X
L, exp|——| —exp|— -X —exp|——| exp|— X
o} @ @ o
Table 3. Relationship among p-max stable distributions.
Hl,u HZ,u Hlu H4,a @ ¥
H ) -
La (—logX) (logX)
x € L e (log X)* ~(log X)*
X
—(logX)~! (logX)™"! 1
H, ¢ : X e —— —(log X) —(~log X)*
X
g L ot 0 (log(— X)) —(—log(—=X)) "
3 X
H 1 ~1 —a a
wglos=X 1 [mg(i)] (log(—X)) —(log(—X))
X X
X —e
() la la la 1
X 1 -X 1 1
e - e =
e [X] —e[X] X X
g 1o 1o 1/ 1/a
1 —(-X) 1 X 1
5] e ) e - X
e —e X
Table 4. Relationship between /-max//-min and p-max stable distribu-
tions.
H, H, H, H, ® o
o 1 1 B
eX e*} 76—)( _ei XO( _X «
1 1
Yoo % o X —e ¥ X —x)
1 1 ! 1
A exp [(e_x) @ ] exp[—(e’x )e ] —exp[—(e‘x) @ ]—exp [—(e_x)“ J X e X
1 1
Ly e e e o X X (X
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1 1
L X e X
290 eX —e X

1

L, CXP[(eX)_a

exp[—(ex )“] exp

—(eX)_“] —exp[(ex)“] eX e

Table 5. Relationship among p-min stable distributions.

Kl,a KZ,a K3 o K4,a KS KG
Ky % ot 1 e —(log(—X))*  (log(=X))
X
K,, _ o X eloe=o 1 —(=log(=X) ™" (—log(—X))"
X
L gt et —(—logX)" (~logX)™"
K,, —— X
* X
P [log[}]]*‘ x  (ClogX)™  (logX)
X e
" | _l 1/a o % _i 1o 1
Ko —e™7 _, [ X] e e[ x] X <
l” 1/ 7LM 1/ 1
Ks _e[X] —e( X) e [X] eX —} X

The Interplay
between I-max,
[-min, p-max
and p-min Stable
Distributions

I(I K KZ,u K3.u K4,u KS K6
. 1 . L
e, —¢ —e X e eX -X° X
| | eX (=X (=X
Yo X e ¥
—e e
i ' i L
R I S I B R e I
1 1
L, —e _oX e g X X (X
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1 -X 1

— —e — X —a «
e -X X
2.0 _eX e X

1 1 1 1

3

Table 7. Relationship between p-max and p-min stable distributions.

K].o KZ.(\ K},u K4,(\ KS Kﬁ
o oy —ev L et —(ogX)' (logX)"
‘ X
H, —g e x e 1 —(—logX)™  (—logX)"
’ X
g L et e (log(— X)) (~log(—X))
3a X
g e L ] x —(os(=X) (og(=X))"
. X e
Xl | 1 _xVe . ,L 1o 1
L R X -
7i% ,(,X)i -r ! oyl i
v e B e ] -

4. SOME EXAMPLES FOR p-MAX AND p-MIN DOMAINS.

This section provides examples for dfs belonging to domains of attraction of
p-max stable laws and p-min stable laws. Some examples of dfs in domain of
attraction of /-max stable laws along with norming constants are given in [4].
One can get examples for /-min by using the result: if F €D, (G) with
norming constants a, and b, then FeD, . (L) with norming constants
¢,=a, and d =—b  and with L(x)=1-G(—x).

Examples for p-max domains: Pdfs are given with norming constants and
value of the parameter of the limit law, wherever applicable.
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1. Dfsin D, __ (H ): The Interplay
: ' between I-max,

. n [-min, p-max
) - =— 0<x <0, =1, =— ’

a L.Og Cauchy with pdf /() 7x(1+ (log x)*) T, g and p-min Stable
with a=1 . 3 1 Distributions

b. Log-Pareto with pdf f(x)= x>eaq,=106,=n" with

a=0.

2. Dfsin D,  (H,,): 1
a. Uniform with pdf f(x)=10<x<l,a, =18, =— witha=1.
n

b. Beta with pdf

—1

D
flx)= 1 X A—x)""0<x<lLab>0,0 =15 =|= 1
B(a,b) b B(a,b)
witha=»b.

c. Log-beta with pdf

f(x)= Bt (logx)"'(1—logx)"",0< x <e,a,b>0,a,
1 _i
n
=eh,= [Z B(a,b)]
with o = b.

3.Dfsinp . (H,,)
a. Inverse log-Cauchy with pdf

F= L n

5 ,x<0,an ——l,ﬁn =—
: [1 [ 1]]
X
witha =1

b. Inverse log-Pareto with pdf

1
f(x):_—'gﬂﬂ,_efl <x<0,a,=1,8,=n"
X

with =0

X
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H

pfmax( 4,(1) :

a. Inverse log-beta with pdf

a—1 b—1
1 1 1
= log| —— l1—-log|——|| .,x<—e'a,b>0,
70 mwn[4xﬂ[ 4x” PR AT R
. e " |bB(ab)
5.Dfsin D (®): 1
n
a. Cauchy with pdf f(x)=—— x€eR o =1, =—.
y pdf f(x) R . =L0, -

o _\/@_ {log47r—|—log10gn}’ﬂn ~logn {10g47r+10g10gn}‘

J2logn 2
c. Gamma with pdf
fx)= ﬁ—x”*'e*“,x > 0,0, 3> 0,0, = l(1ogn +(a—1)log
[(a) g

logn —logI'(av)), 3, = (logn + (o —1))loglogn —logI'(cw).

d. Log-gamma with pdf f(x):Fﬁ )(IOgX)“_lx_‘S—l,x>1,a,ﬁ>0,
e}
1 e 1
o = logn)* | ,8, =—-
. [F(a)( gn) ] B, o
6.Dfsin D, . (¥):
8 1 p-1 1 —a—1
a. Inverse log-gamma with pdf f(x)= a ~|log ——] - ,
I'(a)x X X

—-1<x<0,0,8> 0,00, = !
I(

@wﬁﬂ?@zi
) «

n

Q

8 1 B-1 a
b. Inverse gamma with pdf f(x)= @ S|——| e*,x<0,
I'(a)x X
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—1

o, = %(logn +(a—D)loglogn —logl'(c)

B, = (logn +(a— 1)) loglogn —logI'(c).

Remark: We know that if Fep (H) with norming constants c, >0

and B,>0 then F €D

(K) with norming constantsy, =, andd, =3,

p—min

and with K(x)=1—H(—x). In particular, K,(x)=1-H,(—x),i=12,3,4
and K (x)=1—®(—x),K,(x)=1—V¥(—x). One can get examples for p-min

domain by using this result.
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